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BBEJIEHNE

MaTeMaTquCKaH JIOTUKa - pa3de/l MaTeMaTUuKH, HOCBHHIGHHBIﬁ U3y4Y€HUuI0 MaTeMaTu-
YEeCKUX AJ0Ka3aTeJbCTB W BOIIPOCOB OCHOBaAHWA MaTEMAaTHUKH. MaTeMaTI/I‘{eCKaH JIOTUKa
CYIIECTBYeT ¢ cepeJiuHbl 19 Beka, a UMeHHO ¢ paboT anriuiickoro mareMaruka /Ixx. Byms
o ajareOdpanu3anuu apucToTeeBol JJoTuku. Bo BTOpO# nmosoBune 19-0ro Beka ycujansiMu
TaKuX BbIIatommxcs MareMaTukoB kKak [.Kawnrtop, [lemexunn, Beiimrpace, [leano ObI-
JIM CO3JaHBI: ~HAWBHAsl TEOPHUS MHOXKECTB, akcmoMaruka [leaHo HaTypaJbHBIX YUCET U
apudmernzanust anannsa. Cozganme Teopnn MHOKecTB (1o caoBam JI.I'manbGepra ”pas
JJIs MATeMATHKOB” ) MPHUBEJIO K MOSIBJIEHWIO Pl HapajoKcoB. MaTeMaTuku W paHbIie
CTAJIKUBAJTMCH ¢ HECOBEPIIEHCTBOM WHTYHIIMH B MAaTEMATHICCKUX MOCTPOCHUSX U JIOKA-
3aTeqbeTBax. [IpmMmepaMu MOTYT SBJIATHCS CyIIecTBOBaHUE reoMerpun JlobadeBckoro m
HENPEPBIBHBIX (PYHKIINIT, HE UMEIONUX ITPOU3BOHON HU B OJIHON TOUKe Ha npsmoil. Pac-
CMOTPUM CJIEAYIONINE TAapaJIOKChl, BO3HUKINNE Ha pybezxke 19-20 BekoB m mnpuBejiine K
KPHU3HUCY OCHOBAHUSI MATEMATUKH:

1. ITapagoxe I"Kanropa (1899r.)

Ecin M - MHOZKeCTBO Beex MHOzecTB U P(M) - MHOXKECTBO ero moMHozKecTs, ToM <
P(M) < M. llporusopeune.

2. Mapasokc Bypaan-®opru ) (1897)

MuoxkectBo B BCex TpaHC(OUHHTHBIX YHCEJT SABJISETCs BIOIHE YIOPST0YCHHBIM U CJIe-
JOBATEJIBHO €My COOTBETCTBYET HEKOTOpoe mopsakoBoe (Tpancdunutaoe) uncaof. T.k.
G € B, 1o < . [IporuBopeune.

3. Hapagoxc Paccera * (1902)

[Tyctb T- MHOZKECTBO BCeX MHOYKECTB, KOTOPbIe HE CO/MepKaT caMux cebsi B KadecTBe
ssemeHnToB. Ectu T € T, o T € T. Eciu T € T, 1o T ¢ T. IIporuBopeune.

%) H.Bypaaun-Qopru (1861-1931) - uranbauckuii MaTeMaTuK.

%) B.Paccen (pox. 1872) - anrmmiickuii dumrocod.

4. Tapamokc Beppu (1906).

[TycTb a - MUHUMAIBHOE YHC/I0, KOTOPOE HEJIb3 ONPEIE/IUTh TOCPEICTBOM MEHEe 9eM
JIBAIIIATH CJIOB. B 9TOM OmpejeieHnn MeHbIe JABAIIATH CJIOB W OHO ONPEJIE/ISTeT TUCIO
a.

DTH NapajJiOKChl POJICTBEHHBI PaHee U3BECTHBIM MapaJIOKcaM a) JiKena (HeKTO CKa3all
791 nry”; ecyim OH JIZKeET, TO TOBOPUT TpaBiay W Haobopor), 6) mapukmaxepa (OH 3aKJIO-
JaeTcd B TOM, UTO B JIEpEBHE MMeeTCsl €IMHCTBEHHBIN MapuKMaxep, KOTOPHI OpeeT Tex
1 TOJBKO TEX JII0jIell, KOTophie He OpetorTcsa cavu. CrpamuBaercsi, KTO e Oyj1er OpuTh
ero?), B) 7 niuaemma Kpokoauia” (KPOKOAUI 00ela OTIy BePHYTh YKPAJIeHHOTO pebeHKa,
eCJIM OTeIl YraJaeT BepHEeT eMy KPOKOJAWI pebeHka man Her. (OTer TOBOPUT KPOKOJIUIY,
9TO TOT He BepHET eMy peberka. YTo J0MKeH CIeJaTh MOCTIe ITOT0 KPOKOAMI?).

Nssecrnstii toruk C.Kumnn orvedaer B [3],[7], 9T0 971 mapaoKCHl He UMEIOT pele-
HUI, C KOTOPBIMU OBl BCE COTJIACUINCh. [lapaJoKchl MPUBE/IN K KPU3HUCY TOW HHTYUTUBHOTT
JIOTUKH, KOTOPOil MOJIB30BAIMCh MaTeMaTuku 19 BeKa B KadecTBe KPHUTEPHS CTPOTOCTU
MATEMATHIECKOTO JOKA3ATEThCTBA U TOCTABIIN CIYIONIHe JBa BOMpoca: 1) 9To Takoe
JOKA3aTeNbCTBO MATEMATHICCKOTO TIPEJIOKeHns?, 2) KAKOBAa IPUPOIA MATEMATHICCKOMH
UCTUHBDI.

Koneuno, npuunna HEKOTOPBIX MapaIOKCOB 3aK/II0YE€HA B HECTPOIOM OIPE/IETeHUN M0~
HaTug ~MHOxKecTBO . Heobxoammo Takoe ompejesieHune, IpH KOTOPOM HeJIb3d paccMa-
TPpUBATH, HAIPUMEDP, MHOYKECTBO BCeX MHOxKecTB. CJemyronme TP OCHOBHBIX IOIXOIA
MPECJIeIOBAIN TIeJIb TPEOIOICHHsT KPU3UCA B OCHOBAHUYM MAaTEMATHKH:

1) moructuyeckuii moaxon (B.Paccer).

B €ro OCHOBe JIC2KHUT Te3UC, 4TO MaTeéMaTHuKa - 4aCTb JIOI'MKH. T.e. BCe ollpeaeJieHund
n TeoOpeMbl MaTEMATUKHW - ONIpeJeJICHA U TeOpeMbl JIOTKU.



2) unrynmuonucTckuit noxxox (Bpaysp, 1908 1.).

B ero ocuose nexkat tpu " He”:

a) HeJIb3sl MPUMEHSITh KJIACCHIECKYIO JIOTHKY K OECKOHEUHBIM MHOZKECTBAM;

6) HeJb3sT paccMaTpUBATH OECKOHEUHBIE MHOYKECTBA KAaK 3aBepIIeHHbIe O0LEKTHI (T.€.
HeNpu3HaHWe T.H. TPUHIANA aKTYaThbHONH ODECKOHEYHOCTH);

B) HENPABOMEDPHO HPUMEHSITh 3aKOH UCKJIIOYEHHOTO TPEThEro K OECKOHEYHBIM MHOZKE-
crBam. ™)

3) akcmomarmaecknii mogxon (/1.I'uasbepr).

Vemauavu MareMaTukoB Llepmeno n @penkess ObLaa MOCTPOEHA aKCHOMaTHUECKAs
TeoOpHus MHOZKECTB, dBJdIomascd (PyHJIaMEHTOM COBpeMeHHOiI MaremaTuku. B HacTos-
Iee BpeMsl aKCHOMAaTHIeCKAN OIXO0 IMOTY I MIHPOKOe PACIPOCTPAHEHNEe, HAIIPUMED, B
COBpeMEeHHOM ajredpe, TeOMETPHH.

Lesb 7aHHOTO Kypca - M3JI0KUTh OCHOBBI TEOPUU MHOYKECTB, JUCKPETHON MaTeMaTHKH
U MaTeMaTUYeCKOH JIOTHKH, HAYIHTh CTYIEHTA MOJb30BATHCS CUMBOIUKON MaTeMaThde-
CKOIt JIOTUKH, BHUKHYTb B CYHIHOCTDL IOHATHUA AOKa3aTeJIbCTBA.

B kaxkmoit ry1aBe cBosi HyMepaliid TeopeM H maparpados.

*) mo sromy mosoay .I'miasbepr mucasi, 94ro "OTHATH Y HAC 3aKOH HUCKJIIOYEHHOTO
TPETHETrO - 3AIMPETUTH GOKCEPY MOMB30BAThCs mepuaTkamu” (em. [15], ¢.341).



I'NIABA 1. TEOPUA MHO2KECTB.

OnauM U3 co3maTeseil TeOpUU MHOMKECTB SIBJISETCS HeMenKHii MaTemaruk eopr Kan-
Top (1845-1918), koropsiii B 70-X rojax NPoULIOro CTOIETUs Pa3paboTays Teopuio GECKo-
HEYHBIX MHOYKECTB M TEOPUIO TPAaHCOUHUTHBIX Ynce. B gactoocTu, um jgokasano B 1874
I., YTO CYIECTBYIOT JefiCTBUTE/NbHBIC TPAHCIEHICHTHBIE YUCIA.

B manmoii rimase Mbl IpUBEIEM OCHOBHBIE OIIPEJesIeHUs, 0003HAYCHUS U CBOMCTBA T.H.
HAUBHON TEOPUHM MHOXKECTB. JlOKazKeM psif KIACCHYECKHX TeopeM 00 3KBUBAJCHTHOCTH
MHOYKECTB, O TPAHC(UHUTHLIX YHMCIAX, O PABHOCHJIBLHOCTH Teopembl Llepmeno akcuome
BBIOOPA.

81. Muo>kecTBa U omepaiuu HAJ HUMM.

COBOKYTIHOCTH TIPEIMETOB WM MOHATHI, OObEIMHEHHBIX OONMM CBOWCTBOM, HA3bI-
BAaeTCA MHOXKECTBOM, & IIPEJMETHI, BXOJLAINIME B COCTaB TOI0 MHOYKECTBA, HA3BIBAIOTCS
ero reMeHTaMu. MHOXKecTBa MBI OyeM 0003HAYATH TMPONMUCHBIMU OYKBAMU, a JI€MeH-
TBl MAJBIMU OYKBAMH JATHHCKOTO HJIH Ipedeckoro amdasuroB. Ecim snement x (He)
NPUHAJIEKAT MHOKECTBY A, TO OymeM HCIOIb30BaTh CIEAYIONIyo 3amuch z € A (coor-
BercTBeHHO, T ¢ A). JIBa MHOYKECTBA HA3BIBAIOTCSI PABHBIMU, €CJIM OHM COCTOAT U3 OJHUX
U Tex zKe 37aeMeHTOB. OTMEeTHM CJIeAYION[He CIocoObl 3aaHus MHOXKECTB: 1) IOJHOTO
[epeYrCIeHrs] BCEX JIEMEHTOB (9TOT ¢rmocob BO3MOXKEH, OYEBUJIHO, TOJBKO I KOHed-
HBIX MHOKECTB); 2) ecau P- HeKoTopoe cBOHCTBO mpeameToB, 10 {x; P(x)} -MHOKeCTBO
9JIEMEHTOB T, YJIOBJETBOPSIONINX CBOHCTBY P.

Hanpuwmep, {—2,0,2,4,6} = {z € Z; 2z- wernoe uucno, —3 < x < 7}. B nesoit wactu
[epPeYnCIeHbl BCE 3JIEMEHThI HAIlero MHOXKECTBa, a IpaBas YacTb BbIJE/seT M3 MHOXKe-
CTBa BCEX MEJBbIX YHCesl YeTHbIe Ync/Ia, puHaiexkane uarepsaty (-3,7). MuoxKecTBO
He cojepzKkallee 3JeMEeHTOB, Ha30BeM IIYCThIM MHOXKECTBOM U 0OO3HAYMM CHMBOIOM ®
Dukcupyem cireayionue obosuadenns: N= {0,1,2,...}- MHO)KECTBO BCeX HATYPAJIbHbBIX
aucen, NT = {1,2,3,...}, Z= {0,£1,£2,4+3, ...} - MHOKECTBO BCeX HEJALIX qucen, Q-
MHOKECTBO BCEX PAIMOHAILHBIX 9uCes, R -MHOKeCTBO Beex meficTBuTenbubx uncest u C-
MHOZKECTBO BCEX KOMILIEKCHBIX YHCE/I.

MHozKecTBO A Ha3bIBaeTCsl MOJAMHOKECTBOM MHOXKeCTBa B, ec/iu KaxKIblii dneMeHT A
sBisiercs snemenToM B (B 3amucu, A C B). fcno, utoNT C N C ZCQ C R C C usoboe
MHOKeCTBO A comepxkur @ (Kak MOAMHOXKECTBO). $ICHO, UTO OTHOIIEHHE BKIUEHNA C
MEKIy MHOZKECTBAMY YAOBICTBOPSET CJEMYIONIHM TPEM CBOHCTBAM:

1)A C A( pedieKCuBHOCTS);

2) ectuA C B uB C A, 10A = B( aHTUCUMMETPUIHOCTH );

3) ectuA C B uB C C, toA C C( TpaH3UTHBHOCTB ).

Omnpenenenne.

a) obbenuHenne MuoxkecTB A uB( B 3anucu , AJ B) HaszbiBaeTcs MHOKecTBO {T|r €
Aunm x € B};

6) nmepeceuennem MuOXKecTB A uB( B 3anucu, A() B) Ha3biBaeTCss MHOXKECTBO {z|r €
Auzx e B};

B) pasnocTbio MHOXKecTB A n B (B 3amncu, A \ B) HazbBaeTcs MHOXKeCTBO {x|r €
A,z ¢ B}. Eciim B C A, 1o pasuocts A\ B o6o3nauaercs B’ u Ha3bIBaeTCs JIONOJTHEHUEM
B B A.

[TpuBegeM OCHOBHBIE CBOICTBA YKa3aHHBIX ONEpalyii Ha MHOYKECTBAX, CUUTAs, [PH
9TOM, 9TO (PUKCHPOBAHO HEKOTOPOE MHOXKECTBOX , & paccMaTpuBaeMble MHOXKeCTBa A, B, . . .
SBJISTIOTCSI TOJMHOYKeCTBAME X, T.e. JeMeHTaMu COBOKYIMHOCTH P(X') Beex mogaMHOKeCTB
muoxkecTBa X. rak, Ha coBokynnocru P(X) umeercst tpu onepauuu: |J, N, .

Yreepxkaenue 1. s mobwx A, B,C € P(X) cupaseuBsl paBeHCTBRA:



1) AUA = A, AN A = A (u1eMIOTeHTHOCTD Oneparuii);

2) AUB=BUA, AN B = BN A (KOMMyTaTHUBHOCTb);

3) (AUB)UC =AU (BUC),(ANnB)NC =AN(BNC) (acconmmaruBHOCTB );

4) AN(BUC)=(ANB)U(ANC),AU(BNC)=(AUB)N(AUC) croiictBa
JIMCTPUOYTHBHOCTH;

5) (A)' = 4,

6) (AUB) =A'NB,(ANB) = A'U B’ -toxxaectsa ne Moprana.

Jokazxem, sHanpumep, paserctso AU(BNC) = (AUB)N(AUC). Ilycrs z € AU(BNC).
Ecmz € A, tor € AUBux € AUC. Crenosarensto, x € (AN B)N (AU C).
Ecmm ke v € BNC, toxr € Bux € C. CnegoBarespno, t € AUBuzxz € AUC.
[Tosromy = coaepzKuTCs B IPABOii 9acTH, T.€. JeBas YacTh HAIIErO (HCKOMOTO) PaBEHCTBA
CoJIepKUTCs B paBoii yactu. Jlokaxkem obparnoe Briodenue. [Iyctey € (AUB)N (AU
C).Eamye A toye AU(BNC). Ecmmy ¢ A, toy € Buy € C. CrenoBaresbHo,
y€ BNC C AU (BNC). Takum obpa3oM, mpaBasi 9acTh COJep:KUTCs B JeBoil. T.e.
AU(BNC)=(AUB)Nn(AUC). MuoxkecrBo < P(X);N,U, > nasbiBaercst aarebpoit
Bysia moaMHOXKeCTB MHOZKeCTBa, X .

YapaKHeHUsI.

1. Boimucars Bee snementsr P(P(P))).

2. Joxazars, uto P(AU B) O P(A)U P(B),P(ANB) C P(A)N P(B).

3. O603nauuM uepes | X | -uuc/io ssementoB koneunoro muoxecrsaX. [ycrs Ay, ..., A,
n
-KOHe4YHble MHOXKecTBa. Jlokazars, uro|A;U.. .UA,| = X |4 — X |[ANA4A+ X AN
=1 i<j i<j<k
ANA — .+ ()" A NA N NA,L

Ykazanme. Bocmoap30BaThes METOIOM MaTeMATHIeCKOW WHIYKIIAH.
4. BreiBecTn U3 ympaxKHeHUS 3 CIeyIoliee PaBeHCTBO

p(n) =n-111-1/p),
pln

rie ¢(n)-4uciao HaTypasIbHBIX ducea B cerMedTe |1 n|, B3auMHO pocThix ¢ n (T.H. dYHK-
ust Ditrepa).

82. OrHouteHud u PYHKIUN.
[Iycts Ay, Ay, ..., A, - MHOXKecTBa. MHOKECTBO
A=A x Ay x ... x A, = {(ay,as,...,a,);a; € Ajyi <n},

coCTosIIIee U3 YIOPSI0YEHHBIX N-0K (a1, ...,a,), vae a; € A; i = 1,...,n, Ha3bIBALTCA
JEKAPTOBBIM (IPSIMBIM) IIPOU3BEJEHNEM MHOKECTB A1, . .., A,.

[Ipumep. R x R={(z,y);2 € R,y € R}- MHOXKeCTBO yNOpsIOUEHHBIX Nap JefCTBH-
TEJIBLHBIX THCEJT SBSIETCS MOJETbI0 EBKIMIOBOM MIOCKOCTH.

Ecim A; = Ay = ... = A, = B, o maoxectBo A = A, x ... x A, = Bx...xB

n
Ha3BIBAETCs N-Oi JIEKAPTOBOil CTENeHbI0 MHOXKecTBa B u obo3nadaercs B”.

OHpeILeJIeHI/Ie. Beskoe moamuoxkectBo R C B™ Ha3wpBaeTcs n-apHLIM OTHOIIEHU-
eM, OlpeJie/IeHHbIM Ha MHOxKecTBa . Ilpu n = 1,2, 3 n-apHoe OTHOIIEHHE HA3bIBAETCS
COOTBETCTBEHHO YHAPHBIM, OMHAPHBLIM, TePHAPHBIM.

ToBopst, 94T0 37€MeHTh by, . .., b, € B Haxoagarcsa B orHomennu R, eciu (by, ..., b,) €
R.

[lycts, nasee, R- GunapHoe oTHOIIEeHHE Ha MHOXKecTBe B. Ecnu (z,y) € R, To 6yaem
nucatb rRy. B nanbueiinem Mbl BerpeTruMcest ¢ OMHAPHBIMEU OTHOIIEHUSAME, yI0BIETBOPSI-
IOIUMA HEKOTOPBIM W3 CIIEAYIONINX CBONCTB:



Pednekcusnocts: Va € B, aRa;

CumMmerpuunocts: Va,b € B, ecau aRb, To bRa;

AntucummMerpudnocTs: Va,b € B, ecou aRb u bRa, To a = b;

TpamsutusaocTsb: Va, b, c € R, ecniu aRb,bRc, To aRc.

[Tpumep 1. Tycrs B = Z w nopmuokectso R C Z x Z cocront n3 nap (z,y) Taxux,
qr0 7/(x—y). Toraa Gunapuoe ornoriierue R yaoBieTBopsier cBoiicTBaM pedIeKCHBHOCTH,
TPAH3UTHBHOCTH M CHMMETPHIHOCTH.

[Tpumep 2. Ilycrs B = Q. Onpenenuy 6uHapHoe oTHoLIeHHe R Ha () 110 IpaBULY:
xRy < x < y. Torna, jierko BUAETH, 9TO K yIOBIETBOPSET CBOMCTBAM PedIeKCUBHOCTH,
AHTUCUMMETPHUYICOCTH U TPAH3UTUBHOCTH.

IIpumep 3. Iycrs B = N. Onpeaennm 6unapuoe orHomenne R #a N 10 mpaBmiy:
(x,y) € N & z/y. fcno, uaro R yaosieTBopsier cBoiicTBaM pedIeKCHBHOCTH, TPAH3UTHB-
HOCTH ¥ aHTHCHUMMETPHIHOCTH.

OHpe,[LeJIeHI/Ie. bunrapnoe orHomenne R Ha MHOXKecTBe B Ha3bIBAETCS OTHOIIEHTEM
IKBUBAJICHTHOCTH (I/I 0603HaqaeTC${ HHOTJa CUMBOJIAMHA ~, E), €CJin OHO yJ0BJIeTBOpdAeT
cBoiicTrBaM pedIeKCUBHOCTH, CAMMETPUYHOCTH 1 TpaH3utupHoctu. Hampumep, bunapaoe
OTHOIIIEHNE U3 MpUMepa 1 sIBISeTCsS OTHOIIEHNEM SKBHBAJIEHTHOCTH.

[Iycre R-orHOmenune skpuBaienTHoct Ha B u a € B. Tlonoxum a = {x € B | zRa}

7 Ha30BEM 3TO TTOJIMHOZKECTBO KJIACCOM 3jieMeHTaa. flcHo, uto a € a. [lostomy B = |J a.
aEB

Ecau ¢ € aNb, to cRa,bRe. Cnenosaresnsro, Beuay rpanzurusaoct, alRb. T.e. a € b.
Eciau y € @, 10 yRa,aRb. Orxyna cienyer, uro yRb uy € b. Utak, @ C b. Ananoruy-
Ho joKasbiBaercs, uto b C a. CileoBaTesIbHO, eCIM KJIAcCH @, b IepeceKkalorcs, TO OHH
COBIAJIAIOT, & BCE MHOYKECTBO B ABJseTCS 00beJUHEHNEM HellepeCceKAIOMMXCs KJIacCOB.

Ob6parHo, ecan maHo paszdmerne B B oObeanHeHHEe KAKHX-JM00 HelepeCceKaAIoIuXC s
KaaccoB, T0o nonoxum (Ya,b € B);a ~ b < Torga u TOABKO TOTIA, KOIJAA @ 1 b npuHaI-
JIezKaT K OJIHOMY KJIacCy pa3bueHns.

flcHo, uto ”"~”- oTHOIIEeHHE SKBUBAJIeHTHOCTH. IIpu 3TOM, paszdbuenune B B 00beanHe-
HHE KJIACCOB 3IeMeHTOB d(a € B) mpuBoauT K UCXOAHOMY pasbuennio. Takum obpasom,
MBI TIOTYYUJIU B3aUMHO OJHO3HAYHOE COOTBETCTBUE MEZKTY OTHOIIEHUSIMU YKBUBAJIEHTHO-
ctu HA B u pa3bueHusiMu ero Ha HEeNePeCeKAIOINecs: KJIaCCh.

QurcupyeMm oboznadenue. Eenu "~ - oTHOIIEHHE SKBUBAJICHTHOCTH Ha B, To 0003Ha-
qnM gepe3 B = B/ ~ MHOXkKeCTBO BCeX KJIACCOB 9KBHBAJEHTHBIX 3JIEMEHTOB (Ha3bIBaeMoe
bakTOP-MHOKECTBOM MHOYKECTBa B 10 OTHOIIEHWIO SKBUBAJIEHTHOCTH '~ ).

Omnpenenenne. f: X — Y- GyHKIus, onpeeeHHas Ha MEOXKeCTBe X €O 3HATCH-
dMH B MHOXKECTBE Y, ecjan

1. fCX xY;

2. Vo € X3y € Y rakoii, uto (z,y) € f;

3. ecmu (z,11) € f,(x,y2) € f, 10 Y1 = Yps.

Ecmu (z,y) € f, To 6yaem nucars, uroy = f(x). @ynkuug f : X — Y nazwiBaercs:

1) cropbekrusHoil, ecsin Vy € Y3z € X, raxoii, uro (z,y) € f;

2) MHBEKTUBHOI, eci U3 Toro, uto (r1,y) € f, (v2,y) € f cremyer paBeHCTBO T = Tg;

3)0MeKTUBHON (MM B3AMMHO OJHO3HAYHBIM OTOODAYKEHHEM), eC/IH f ABIAeTC OJTHO-
BPEMEHHO CIOP'bEKTUBHONH W WHHEKTUBHOU

[Tpumep 4. Mycrs RT = {z € R/z > 0}. [lonoxkum f : RY — R no npasuny f(z) =
22,2 € R*. dcno, uto f- 6uexTusHas QyHKIHA.

[Tpumep 5. Eciu ”~7- oTHOMIEHNE SKBUBAJIEHTHOCTH Ha MHOECTBe B, TO CyIIecThy-
eT eCTeCTBEHHOE CIOPLeKTHBHOe oTobpaxkenuew : B — B, rne B = B/.., onpenersemoe
no npasuny: Va € B, 7(a) = a.

Beegem ob6osuauenus. Ecmm f : X — Y - dyskmus, To aas mogMmHoKecTB A C



X, B C Y nonoxum f(A) = {f(z) € Y,z € A}( o6paz A), f["HB) = {z € X/f(z) €
B}( nmpoobpas B).
Ecan nanst dyaknmm f 1 X — Y, g: Y — Z, To onpenesnmM HOBYIO (PYHKITHIO

(gof): X = Z

no npasuiay: Vo € X, (go f)(x) = g(f(x)). Pyuknus g o f HA3BIBACTCA KOMIO3UIHEH
byukuuit f u g.

YrBepxkgeHue 2. Komnosumus dbyHKImil yI0BIETBOPSET CBORCTBY aCCOMTATHBHO-
cru, T.e. ecau gaubl Tpu Gyekmun f 1 X — Y, g:Y - Z h:Z — W, toho(go f) =
(hog)o f.

rZ[OKELSELTGJII:CTBO. SaMeTuM, 4TO JBe (PYHKIHUH COBIAIAIOT, €CJIU OHU OJHHAKOBO
JeiicTBYOT Ha Kaxkibiii smementa € X. Mimeem (ho(gof))(a) = h((gof)a) = h(g(f(a))) =
(hog)(f(a)) = ((hog)o f)(a). Uro u TpeboBasOCH AOKA3ATE.

Yreepxkaenue 3. Ilyers nana ¢gymxunma f : X — Y. Torma ma mmoxkectse X
CYIIECTBYET TAKOe OTHOIIEHHE SKBUBAJEHTHOCTH Y, UTO CYIIECTBYIOT CIOPBEKTHUBHOE OTO-
opakenue 7 : X — X/, n uabekTuBHOE OTOOpaKenue g : X/, — Y rtakue, uro gom = f.

JokazaTenbcTBO. Ilycts avb < f(a) = f(b). Torma y- oTHOmIEHHE SKBABATEHTHO-
cru. ITycrb w1 X — X /v - ecrecrBennoe orobpaxkenue takoe, uron(a) = @, Va € X. Pac-
cMoTpuM otobpaxkenue g : X/, — Y, g(a) = f(a),Va € X/,. Ecrma = b, To ayb u f(a) =
f(b). Te. g(@a) = g(b). dcno, aro g o = f. JlokarKeM HEBLEKTHBHOCTb OTOOParKeHH
g. JlonycTum mpoOTHBHOE, T.e. /I HEKOTODHIX d7MeMeHToB d,b € X/, a # b,g(a) =
g(b). Torma f(a) = f(b) u ayb. T.e. a = b. [IpoTuopeune. YTBep:KIeHHe J0Ka3aHO.

JI/1s1 HEKOTOPBIX KOHKPETHBIX a/ire0PandecKux cucreM (Cpyliin, KOJIel) JaHHOe yTBep-
JKJIEHUE STBJISIeTCSA OJTHOM W3 T.H. TEOpeM O ToOMOMOp(dU3Max.

§3. HacTu4HO ymopsimodeHHbIE MHOXKECTBA.

Ounpenenenne. Bunapuoe ornomenne R C A x A HazpIBaeTcs OTHOIICHHEM YaCTHY-
HOTO TOpsiJIKA HA A, eC/IU OHO YJIOBJETBOPSIET YCIOBUAM PedIeKCUBHOCTH, TPAH3UTUBHO-
CTH ¥ AaHTHCUMMETPUIHOCTH.

Yacro OTHOIIEHWE YaCTUYHOTO TOPsA/Ka 0003HAYAIOT CHMBOJIOM <, a MHOXKECTBO C
YACTUIHBIM MOPSIKOM Oy/eM HA3bIBATH YaCTUIHO YIOPSIOYEHHBIM (MM U.y.M. ).

IIpumepsr: 1) < Z,<>,< Q, <>, < R, <>, rie < -00bIYHOE OTHOIICHHE TIOPSAIKA;
2) <RxR, <>, e (a, ) < (7,6), ecmma <yum a="7,3<7§3) <N,<> r1ea <
b < a genur b;4) < P(A),C>, tae P(A)- MHOXKeCTBO BCeeX moAMHOXKeCTB A, C -CHMBOJT
BKJIIOUCHHUA OJHOT'O MHOXKeCTBa B ApPYyroe.

Ompenesrerne. 1) Y.y.M. HasbBaeTCd MHHEHHO YIOPSIOIEHHBIM HIH TEIbIO, eCIH
Ve,y € Ammbo x <y, aubo y < z; 2) DaeMenT a 4.y.M. A HA3BIBAETCS MUHUMATBHBIM
(MaKCHMAJIbHBIM), €CJIH He CyIecTByeT sneMentab € A takoro, 4ro b < a(a < b); 3)
DyeMeHT a 4.y.M. A HazpiBaercs BepxHeil rpambio moaMHOKecTBa B C A, ecm Vb €
B,b < a; 4) Jluneiino ynopsijioueHHOe MHOXKECTBO M HA3bIBAETCsI BIOJIHE YIIODSAI0YEH-
HBIM, €CJIM KarKJ0e ero HemycToe MOAMHOXKECTBO COMEP:KUT MHHHMAJIbHBIA JeMeHT; 5)
[IycTth B- moAMHOXKECTBO BIIOJIHE YIOPSIIOYEHHOIO MHOXKecTBa A.B Ha3bIBaeTCs OTpe3-
kKoM A, eciu Vb € B,Va € A

(a<b)=a€B.

Sameuanne. Eciau B- OTPE30K BIIOJIHE YIIOPSAJI0YEHHOIO MHOKeCTBA A U a- MUHUMAIb-
ueiit ssement A \ B, 1o B = {x € A;x < a}. leap pannoro naparpada -gokasarhb
9KBUBAJICHTHOCTD CJICAYIOUUX TPeX YTIBEPZKICHUN.



Axkcmoma BbIOOpa. Eciu jano mMuoxkectso M, To cymiecTByeT (DyHKIHUA @, COIO-
CTABJIAIONMAs KayKI0My HemycToMy moaMHokecTBy A C M onuH ompeieieHHbIH 9J/eMeHT
0(A) € A

TeopeMa HepMeJIO. Begkoe MHOXKeCTBO MOXKHO BIIOJTHE YIOPSTOUUTh.

Jlemma [lopHa. Ecin Besxas nens 4.y.m. M obaagaer BepxHeil IpanbIo, TO BCAKHIT
9JIEMEHT MHOKeCTBa M COIEepKUTCSI B HEKOTOPOM MAKCUMAaJIbHOM JJIEMEHTE.

JlokazaTeabCcTBO OyIeT NpoBeJeHO B cienyomeit mociaenoparensbuoctu: AB = TI =
JI = AB.

Jlokaxkem, aro AB = TILI.

[Tyctnb nano muozxkectBo M 1 - PyHKIMS, COMOCTAB/IAIONIAS KAZKJIOMY MOJIMHOKECTBY
u3 M onwH ompejesieHHBIH eMeHT ero. Hemycroe moamuoxkectBo A C M HazoBeM
OTMEUYEHHBIM, eCJIH OHO MOXKeT OBITh BIIOJHE YHOPsIOUeHO Tak, uroVa € A a = (M \
A, e A ={z € A/x < a}.

Hanpumep, A = {p(M)}- ormedennoe MHOXKecTBO, T.K. A = {z € Alx < p(M)} = .
Ecin Aj- 0OTMEYEHHOE MHOXKECTBO M () -er0 MUHUMAJIbHBIN 9/eMent, 10 a1 = @(M \ ®) =
@(M). T.e. Bce OTMeUeHHBIE TIOIMHOKECTBA cofepKaT (M) B Ka4ecTBe MePBOro JIEMEH-
ta. Ecim A, B - ormedennble noaMmuoKecTBa M u C' -00benuHeHne BCeX COBIIAIAIOIINX
orpeskoB A, B, To C' 1ub0 paBeH OZHOMY U3 MHOXKecTB A, B, mub0 ABJsSeTCs OTPE3KOM
B KaxkjoM u3 Hux. Ilyere C = {x € A;z < a} uC = {y € B;y < b}. Torna mo
oupenesennto ormedenubx Muoxkecrs a = (M \ C') = b. Muoxecrso CU{p(M \ C)}
TaK:Ke sBJIsIeTCst 0Tpe3kom crporo 6osbinum C. Tporusopeune. CremgoBaTeabHO, HATIPH-
Mep, < A, <>C< B, <> . Ilyctb L- 00beanHeHne BCeX OTMEYeHHBIX IIOAMHOXKeCTB u3 M.
dcHo, 9To L- Takzke 0TMeUYEHHOE NOJAMHOKeCTBO. Eenu 6br L # M, To nonaras (M \ L)
GoJTbIIIe BCEX TEMEHTOB U3 L, MBI MOIYydnM OTMedeHHoe MHOKecTBO L U (M \ L) crpo-
ro bosbiee, gem L. [IporuBopeune nokaszweiBaer, uro L = M. Jlokaxkem masee, aro T1[
= JIL. ITyctb < M, <>- w.ym. u a € M. JIokaxkem, 94TO CYIIECTBYeT MaKCHMAaJIbHbI
seMeHT ¢ € M Takoif, 4to a < ¢ (Ipu yCJOBHH, 9TO Kaxkjias nenb B M wmmMeer Bepx-
HIOI0 Tpab). Pacemorpum M \ {a} = A. Ero moxHO BrOIHE yrnopsgounts < A, <;> .
[To maayknuu pazobbem A Ha jaBa nmoamuoxkectBa A = A’ U A”. Ilycrh ai- mepBbIil s1e-
menT B A. Ortnecem ero k A', ecim a < a; wi a; < a. Ecan ay He cpasuum ¢ a B M,
o ornecem ero Kk A”. Tlycrh b- npoussBoiabHbIf 31eMeHT B A U Bce eMy NpeinecTByio-
mue (OTHOCHTETBHO ymopsaodeHHOCTH <1) oTHecenbl b0 Kk A’, mubo k A”. Ornecem
bk A’, ecsiu b cpaBHUM € @ ¥ CO BCeMH 3JeMeHTaMu, paHee orHecennbiMu K A’. Mnaue
b € A”. Tlo nocrpoennto A’ U {a} -nenb. IlycTh c- BepxHsis rpaHb 3TOH menu. Ecmu c-
HeMaKCUMAJIbHBIHA sy1eMenT M, 1o ¢ < du d € A”. [Ina snementa d cylecTByeT HECPaB-
aumbtii snement B A’ U {a}. TIporusopeune. Tokaxem, nakonemn, uro JIIT= AB

[Tycry M- memycroe MHOKecTBO. Paccmorpum cemeiicrBa moamuozKecTB { Ny N, C
M}, nnsa xoropeix onpegenena dyukuus p(N,) € N,. Ilycrs ¢, 1) - nBe Takue dbyHkmm,
onpenenennbie Ha cemeiicrBax { N, }, { Ng}. [Homoxkum ¢ < ¢, ecin {N,} C {Ng} u ¢(N,)
(Np).

Tem camMbiM MBI OHPEJEJINM YACTHIHBIH HOPSIOK HA MHOXKECTBE TAKUX (DYHKIUH <
F, <> . Ecmm p; < g < ...- menb B F' 1 ¢; coorBercByeT cucrema noaMHoKecTB { Njq,
MOZKHO OIIPeJIeTUTh (DYHKIIMIO ¢, COBNAJANINIYIO C (; HA N,o,. fICHO, 9TO ¢ -BepxHAd
rpaib 1Henu ¢; < @9 < .... [lo nemme opaa F' comepKUT MaKCHMAJbHBIH J€MEHT
T ¢ cooTBeTcByfomeii cucremoii moamuoxects {M,}. Ecim {M,} # P(M)\ ®u C €
P(M) \ M,, ro nonoxum 7(M,) = 7(M,), 7 (C)- uexoropsiii amement uz C. Torua
T < 11. [IporuBopeune.

§4. DKBUBAJEHTHOCTH MHOXKECTB

Hanomuum, aro orobpaykenue f : A — B muoxkecrBa A B MHOXKeCTBO B HAa3bIBaeTCS:



a) HHbeKTUBHBIM, ecin Vo, y € A, f(z) = f(y) = © = y;

6) ciopbektuBHbIM, eciu f(A) = Imf ={x € B;Ja € A,z = f(a)} = B;

¢) OUEKTUBHBIM, eC/TH f ABJSETCS CIOPbeKTUBHBIM M WHHEKTHBHBIM.

[Tpumepsnr:

f:Q — Z, f(p/q) =p+ q aBrusieTcs CIOPbEKTUBHBIM, HO HE HHHEKTHBHBIM;

f:N—=Z f(2n)=—n,f(2n+1) = n+ 1 -GuekTuBHOE OTOOPAKEHUE;

f:R—(—-1,1), f(x) = 1f‘x|— OMEKTHBHOE 0TOOpasKeHHe.

Omnpenenenne. MuoxecTBo A 3KBUBAJIEHTHO MHOXKeCTBY B, ecam cylecTByer 6u-
ekTuBHOe oTobpakenune A Ha B (B o6o3navennu A ~ B).

[Tpennoxxenne 1. [lycrs A, B, C' -muoxkecTBa. Torma:

a) A~ A

6) ectu A~ B, 10 B~ A

B) ecit A~ B, B ~ C, 10 A ~ C. JIoka3areabcTBO OY€BHUJIHO.

PaccMoTpuM Bce MHOXKECTBA SKBHBaJIEHTHbIE A. DTOMY KJIaCCy MHOKECTB COIIOCTABUM
cIMBOJT A, KOTOPBIH HA30BEM MOITHOCTBLIO WM KapIuHAILHBIM dncaoM A. Muoxectso A
(nrorIA OH 0Go3HAUAeTCs |Al).

Omnpenererne. 1) Muoxkectso A masbBaercs caernbim, ecmm A ~ N(N = w);

2) MuozxecTBo A Ha3bIBaeTCs KOHTHHYAIbHBIM , ecin A ~ R(R = 2¥).

IIpennoxxenne 2. Ecin A C N u A- 6eckonednoe, To A -caernoe. JleficTBUTENIBHO,
nycrb a, = min{ala € A}, a; = min{ala € A\ {a,},as = min{ala € A\ {a1,a2} n 1.1
Torma orobpaxkenue ¢ — a; ABJAsIeTCS HCKOMO oneknueit N Ha A.

o
IIpennoxenne 3. Ecim Aj, A, ... - cueTHbIe MHOXKecTBa, TO |J A; -caeTHOE MHO-
i1
JKECTBO.

[Tycrs a € OLj Ay m k(a) = min{i;a € A;}. Tonosxum f(a) = 2K . 35k rae f,
i1

Ay — N — omekuusa Ay va N,k = 1,2,.... ZdcuHo, aro f : G A; — N -HHBEeKTHBHOE
=1

orobpaxkenne. [lo mpemgnoxkeruio 2 I'mf -caeTHOE MHOKECTBO.

Canencrsue 1. @ -cueTHOE MHOXKECTBO.

[Iycrs Q, = {Z;p€ Z,n € N"}. Torna Q@ = EJO Q- o mpemnoxenuio 3, () -cueTHoe
MHOZXKECTBO. =t

Teopema 1 (IKanTop). Ilycts P(A) - MEHOXKECTBO BCeX IOAMHOMKECTB MHOXKECTBA
A. Torma A A P(A).

JlokazatenbcTBO. Ilycrs A sksusanentno P(A)u f : A — P(A) -6uektusnoe
orobpaxenue. Ilycte B = {z|z ¢ f(x)} C A. Torna B € P(A) me nmeer mpooGpa-
3a. JeitcrBurennno, nycrb f(c) = B.Ewme € B = f(¢), toc € B. Ecimc € B =
f(c), o ¢ € B. Ilporusopeune.

IIpennoxxenue 4. Eciun A -6ecKoHedHOe MHOXKECTBO, TO A COMEP:KAT CIeTHOE MO/
MHOZKECTBO.

JlokazaTeabCTBO CJIeayeT U3 aKCHOMBI BHIOOPA.

Teopema 2 (Kanrop -Bepuurreiin).

Ecm f: A— B,g: B — A -unabektupablie orobpazkenust, 1o A ~ B.

JlokazaTenbCTBO ClIeyer U3 CIeLyOel JeMMb.

JlemMa. Ecu ADBDCuA~C, 10 A~ B.

JlokazaTeabcTBO. Ilycrs f 1 A — C -6uextusHoe orobpazxkenue u A, = A\ B, A; =

flA), Ay = f(A),i=1,2,.... [lyctp D = OLj A;. ITonoxkum g : A — B.
i—0

| fla), ecrmaeD
g(a)—{a7 ectn a € D



Torna jierko BujeThb, 9TO ¢ -UCKOMasi OMEKITHSI.

Teopema 3. R skpusatentno P(N).

JokazatenbcTBO. Ilyets X C N. Pacemorpum orobpaxkenne P(N) — R, X —
0,0,0109 ...,

e 4 — 1, ecmi€ X;
A= 0, ewmid X.

D10 wHbeKTHBHOE OTOOparkenue. Haiimem Bioxkenue R B P(N). Tak kak R ~ (—1,1)
u (—1,1) ~ (0,1)(z — =), To nocrarouno naiitu Broxenne (0,1) B P(N). [lycrs o =
0,a0a1 ... € (0,1). lomoxum o — {a,, 10 + a1, 10> + ay, ...} C N. Teopema mokasana.

§5. IlopsimkoBbie TUIIBI U TPAHCWHUTHBIE YUCIA.

OHpeﬂ;eJIeHI/Ie. IMycrs < A, <;> u < B, <y>- 1Ba JUHEHHO yHOPSIOYEHHBIX MHO-
xkecrBa. Ckaxkem, uro A nomobuo B (B obo3nadennu, A = B), eciu cymecTByer OHek-
THBHOe oToOpaxkeHnue ¢ : A — B Takoe, 94T0O

a <1 b<s pla) <s b).

¢lcHO, 9TO TTOMOOHBIE JI.y.M. SIBJISIFOTCS 9KBHBAJIEHTHBIMH.

YrBepxkaenne 4. Ilycrs A, B, C' -nuueiino ynopsiouennbe MaEOKecTBa. Tormaa 1)
A=A,

2)ectu A= B, to B=Z A:

3)ecim A2 B, B=C, 1o A= C.

JTokazaTebcTBO 04YeBUIHO. Pa3zobbeM Bee JI.y.M. 110 KJaccaM, OTHEeCd JBa MHOYKECTBA
B OJUH KJIACC, €CIU OHH momo6HBI. KakaoMy TakKoMy KJIACCY IIOCTABEM B COOTBETCTBHE
CHMBOJI, KOTOPBI HA30BEM MOPSIIKOBBIM THIIOM JIDOOTO MHOYKECTBA JAHHOTO Kjaacca (B
obozradenuu, A).

IIpumepsr:

1) ecrm N = {0,1,2,...}, To N = w;

2) eciu N* = {...,2,1,0}, To N* = w*;

?

3)ecm Z={...,-2,—-1,0,1,2,...}, 10 Z =

4) R= X 5)Q=mn; ) )

6) eciim A- koHeunoe J1.y.M., To0 A =n = A.

Samedqanne 1. Koneunoe MHOKeCTBO A MOXKHO JHHEHHO yIOPSI0UUTh n! CIOCOba-
MH, Tie n = A.

Samevdanne 2. Bsemem na muoxectsa A = {1,2,3,...} nuHefiHbiil mOpagoK a =
2%(2n + 1) < b= 2%(2t + 1) Toraa u ToabKO ToryA, Koryla k < s, a eciu k = s, To n < t.

OTHOCUTETHLHO 9TOTO MOPSIIKA dAeMEHTH A MOTYT ObIThH 3alMCAHBI B CJIELYIOIIEM BH/IE:
1 3 5 7 9

2 6 10 14 18
4 12 20 28 36

B npusegennoii tabaune 3aeMeHThl JaHHOW CTPOKH GOJbIIe JTI000r0 3J1eMeHTa, MPe/Ibl-
AyIIell CTpOKH.

YrBepxkgenue 5. Ilyets < A, <> - cuernoe m.y.M. Torma < A, <>- mogobHo
MOJIMHOXKECTBY < (), <> .

JokazaTeabcTBO. Ilycth A = {ay,ay,as,...},Q = {ry,ry,...}. llycth 7, -NEpBLIii
JIEMEHT B (), KOTODPBI PACIOJOXKEH OTHOCHTEJBHO |, TAKXKE KAK (y OTHOCHTEJILHO ()
(HOMeD Ny ABJISIETCST MUHUMAJIBHBIM). [TycTh 1), - MEPBHIii j1eMeHT, KOTOPHI PACTIOI0KeH
OTHOCHUTEJILHO 11, T, TAKYKE KAK (3 OTHOCUTEJBHO a1, Ay. IIpOmoKast 9T paccy K eHus,



MBI BBIIEJUM B () 9aCTh {11, Ty, Ty, - - -} TOFAOOHYIO A OTHOCHTEIBHO OTODPAYKEHUS: (] —
71,02 — Tny, A3 = Tpgy e v v

VTBep:KAeHne TOKA3aHO.

[Iycts L = {A}- my.M. u nycth VA € L Mbl umeem jry.M. A, (mpm sToMm, ecin
A1 # A2, To Ay, NAy, = ®). Brenewm creayromuii mopsmok Ha

B=J A

AEL

Ecm bV € Bub € A\ U € Ay, to monaraem b < V', ecim A < N. Ecn e A =
N, 10 b <V B A\!). Ecim oy = Ay, 10 monaraem B = Y ay.
)

ITpumepnt:

Nl+w=uw;

2) w1 # w;

3) 1+ A+1=]a,b].

4)3+4=T1.

Omnpenenenne. [opaaKoBblil THI BIOJHE YIOPSAJIOYCHHOTO MHOMKECTBA HAZBIBACTCH
MOPSIKOBBIM 9HCJIOM ( a B ¢yiydae OECKOHETHOIO MHOYKECTBA- TPAHCHUHATHBIM THCIOM
HJIH ODANHATIOM ).

YrBepxkaeHue 6. Ecm < A, <> -prnoane ynopgaoueHnoe MEOKecTso u f 1 A — A
-nofobue A B cebs, To as aroboro x € A, x < f(z).

Heiicturenbho, eciu B = {x € A;x > f(x)} -HemycToe MHOKeCTBO U b - MHHUMAJTb-
HBIH 91eMentT ero, To b > f(b), f(b) > f(f(b)). Crenosarensro, f(b) € B. [Iporusopeune.

Caencraue 1. Ecau < A, <>- BIOTHE Y.M.,TO OHO He MOYKeT OBITH TIOJI0OHBIM CBOEMY
OTPE3Ky WJIM YacTh ero. JIBa pasjiudHbIX OTPe3Ka B.Y.M. He ABJISIOTCA MOJOOHBIMH JIPYT
APYTY.

Teopema 3. U3 aByx BHOMHEe yIOpAZOYEHHBIX MHOXKECTB OJHO TMOJOOHO JPYTOMY
WU OTPE3KY JAPYroro.

rZ[OKELS&LTGJII»CTBO. [Iycts < A, <1> u < B,<y>- 1IBa BIOJHE YIOPSIOUYCHHBIX
MHOXKECTBa. yaement a € A mazosem ”xopomum”, ecmu orpesok A, = {x € A;x < a}
moJ00eH HEKOTOPOMY OTpe3Ky B, B B. YIcHO, 9T0 MUHUMAJIBHBIH 9j1eMeHT a € A sBsier-
¢ "xoporuM” U I TH060T0 XOpoIero sneMenta B A, npeamecrsytomnue emy (B Al)

TOXKe SABJISTIOTCs XopoimuMu”~ .  Ilycth M- MHOXKecTBO BceX ”XOpOIIUX'  3J€MEHTOB B
A. Ecm M # A, to M = A, tie m- MuauManbabiii amement A \ M. Wrak, ju6o
M = A, aubo M = A,,. Anajoruuno, ecsim N -MHOXKECTBO ~XOPOWIUX~ 3JE€MEHTOB B

B, to mbo N = B, mmbo N = B, rnen € B. Ecouz € M, to A, = B, tiey € N.
CoorsercrBue © — y apaserca nogobuem M u N. Ecim M = A,,, N = B,,, Torna m €
M. TlporuBopeune. CiemnoBaTesibHO, IMEET MECTO OJHMH U3 CJICAYIONINX CIy9aeB:

M=AX~N=B,,

M=A~N =B,
M=A,~N=B.

Teopema gokazana.

Omnpenenenne. Ilycrs A u B - muOoXKectsa MommocTn o u 3. Ckaxem, 410 @ <
0, ecin A HHBEKTHBHO BJIOXKHMO B B.

U3 Teopemsl Kanropa-Bepnireiina ciemayer, 94To OTHOLIEHHE < sIBJSETCS OTHOIIE-
HHEM YacTHYHOTO MOpsjKa. VHorma MOIIHOCTh MHOYKECTBA HA3BIBACTCS KapIHHAJTbLHBIM
YHCJIOM.

CJIQD;CTBI/IG 2. Jlobbre JBe MOHUIHOCTH CPABHUMBI.



JleiicTBUTEIBHO, IIYCTh v U (3 -1ABe MOITHOCTH. [lycTh Takxke A u B- MHOXKecTBa, nMe-
fomye yKasanaele MomHocTH (A = a, B = 3). Ilo Teopeme llepMeno UX MOXKHO BHOJIHE
yropsinoanth. [lo mpeapiaytieii Teopeme onu 60 MOJOGHDBI (K CJIeJOBATEIHHO, IKBIBA-
JIEHTHBI, T.e. & = (3), M6GO OJJHO MHBEKTUBHO BJIOKHUMO B Jpyroe. B mocientem ciydae,
ecan A nogobHo orpe3ky B, To a < 3.

Bepremcs K BIOTHE yHOPsIZOYEHHBIM MHOXKeCTBaM. bByeM TOBOPHTH, YTO BIIOJIHE
YIOPSIIOYeHHOe MHOXKeCTBO A KOpode BIOIHE YIOPSIOYeHHOro MHOXKecTBa B, ecam A
o100HO OTPe3Ky B.

YTBepKaeHne 7. Bo Beskom MHOXKeCTBe S MOMApHO HEMOJOOHBIX B.y.M. (BIOIHE
YIOPSITOYEHHBIX MHOXKECTB) €CTh CaMO€ KOPOTKOE.

JlokazaTeabCTBO. Bospmem nponssobaoe B.y.M. A € S. Ecam oHO caMoe KOpoTKoe,
TO BCe JloKa3ano. Muade, B.S cymecTByoT 60/1ee KopoTrkue B.y.M. OHU MOT00HBI OTPe3KaM
A. Tlycts Ay = {a € A|A, nonoben HEKOTOpOMY MHOXKecTBY u3 S}. BBuIy mpeioxe-
uust, A;- "Hemycroe B.y.M. [lycTh ag- MuaEMaIbHBIN amemenT Ay 1 Ay € S -MHOXKeCTBO
nonobuoe A,,. Torma Ay -camoe KOpoTkoe B.y.M. U3 S.

YreepxkaeHue 8. CyMmma BIOIHE yHOPAZOYEHHOTO MHOMKECTBA BIOIHE YIIOPSIO-
JeHHBIX MHOKECTB €CTh CHOBA BIIOJIHE YIIOPSIOIEHHOE MHOXKECTBO.

Heiicrurensro, ecmu S = | Ay, tne AxNAy =P, A # N € Qu Q, A, - BoosHe yo-
AEQ
PSAJIOYEHHBIE MHOYKECTBA, TO U3 IPEIBIAYIIEro Mbl 3HAEM, UTO.S -THHEHHO YIIOPSAI0YeHHOe

muOKecTBO. [Tycts T C S u T # ¢. Torma ; = {AA\NT # ¢} comep:kKUT MUHAMAITb-
HBII 37eMeHT \,. SICHO, 4T0 MUHUMAILHBIN 31eMenT Ay, N'T ABIgeTCS MUHUMAJIbHBIM U
BT.
Omnpenenenne. Iycrs a u 3- nopsgkosbie uncaa. Ilycrs A m B Takue B.y.M., 9T
A= q,B = 3. Craxem, at0 o < 3, eciu A xopoue B (T.e. momo6n0 oTpesKy B).
Yreepxkaenue 9. 1) [aa mobbx NOPAIKOBHIX THCeN & U 3 cIpaBeauBo oguo (I
TOJILKO OJIHO!) M3 COOTHOIICHUIA:

a=0,a<fuma>

2) BCSKOE MHOXKECTBO TOPSITKOBBIX THCEN SBJSETCS BIIOTHE YIODPSTOYCHHBIM.

[TepBoe yTBepxKIeHNE CIEAYeT U3 TEOPEMBI, BTOPOe U3 YTBEPKICHUA 4.

Kazk10e mopsIKoBoe qnuc/io o inbo uMeeT NpeecTByoIIee opsaKoBoe 1ucao (Ta-
Koe, 910 F+1 = «), 1ubo He uMeeT, T.e. ABJSIETCs, KAK TOBOPAIT, IIPeIeIbHBIM (HAIpUMED,
W - TPeJIeTIbHOE MOPSIKOBOE YUCIO).

YrBepxkaenne 10. (rpancunnrnas unaykuus). [Iycts Pa)- mekoTopoe mpeio-
JKeHne, B (GOPMYJIHPOBKY KOTOPOTO BXOIUT MOPsAKOBoe uncyio . Ilycrs takke 1)P(a,)
UCTUHHO; 2) u3 ucruHrocTH P(0r) /15t BCeX (v TaKuX uTo, oy < v < [3, CJIe/lyeT HCTUHHOCTD
P((). Torga P(7) ncruuno st 1106010 MOPSIIKOBOTO THCAATY > (.

Homnycrum mporusroe. Torma muokecTBO {0|P(J)- M0KHO } HEMyCTOE W COIEPIKUT
MUHUMAJIBHBINA 91eMeHT 0, > o,. CregoBareabno, P(y) -HCTHHHO 15t JTIOO0OI0 OpIHHAIA
7 TAKOro, 910 py < v < d,. Connacuo yciaosuio 2) P(J,) T0MKHO OBITh TOXKE HCTHHHBIM
yrBepzienuem. [IporuBopedne. Y1BepzKieHue J0Ka3aHO.

YuparkHEHUSI.

1. KakoBa MOIIHOCTH MHOXKECTBA, HPPALAOHAJIBHBIX YUCEJI!

2. Ilycte A Geckomednoe MHOXKECTBO M B - cueTHOoe MHOXKeCTBO. JloKasarb, 4TO
A~ AUB.

Ykazanue. Boibepem B A cuernoe noamuoxkectso By. Torma By UB ~ By u A =
(A\ By)UB;. Ilycrs f— 6ueknus By vHa B;UB. Pacemorpuv otobpakenne g : A — AUB
onpejiesenHoe o npasuiay: 1) ecmux € A\ By, 1o g(z) = x; 2) ecsiu x € By, 1o g() =
f(zx). dcuo, aro g -uckomasi 6uexnus A va AU B.



Samedanue. 13 ynpaxuenns 2 cIepyeT yupazkmenue 1.

3) Hokazarn, ato [0,1] ~ [a, b].

Yrkazanme. Pacemorpers dynkumio f(t) = (b — a)t + a.

4. Jloxkaszats, ato [0,1] x [0,1] ~ [0, 1].

Ykazanmue. BocnoanszosaThes Teopemoit Kantopa-Beprirreiina 1 HHLEKTUBHBIM 0TO-
OpakeHnem

f : [0, 1] X [O, 1] — [0, 1], f(<07 ajasas . .., 0, blbg .. )) = 07 a1b1a2b2a363 e

5. Jokazarsb, ato VR ~ R.

Ykazanue. BocnoabsosaThes TeopeMoit KanTopa-BeprmTeiina u cie1yiomuM HHb-
eKTUBHLIM OTOOpazKeHueM

f: YA SR,

rae A= (0,1) u f((0, agpaos - - -;0,a10a11 .. .;...) = 0,8182...; Soezy = Agy,s; =0, eciu j #
2% . 3Y.

6. JlokazaTh, 4TO MHOXKECTBO Hemepecekaromuxcst 6yks I' (pa3HbIx pa3MepoB) Ha MIOC-
KOCTH 4dBJI4deTCd HECYETHBIM.

7. Jokazarh, 9TO MHOXKeCTBO Hemnepecekaoumxcs OykB T (pasHBIX pa3mepoB) Ha
IIJIOCKOCTHU SIBJISIETCS CUETHBIM.

Ykazamnue. [loctaBuTb B COOTBETCTBHE KazKIoi 6ykse T HAGOp U3 4mCe

((ahbl)y (a27b2)7 ((13, b3))7 rae aibi S Q)Z S 37

TakuM 00pa30M, 4TOOBI pa3HBIM OyKBaM COOTBETCTBOBAJIN pa3Hble HAOOPHI.

8. BewmecrBennoe yucio @ € R Hazosem asireGpauueckum, (CreneHu n), ecim o -
KOpEHb HEKOTOporo mHemysesoro muorodnena f(z) € Zlx|(degf = nn a ne ssasiercs
KOPHEM HU KAKOI'O MHOI'OYJIEHA MEHbIIEH CTEleHHN ). HaHpHMep,—%, V/2- anrebpaneckue
IHCTA, T.K. ABIAIOTCA KOPHAME MHOTOWIeHOB (70 + 5) n (23 — 2).

[Iycts A- mHOXKecTBO Becex ajnreOpamveckux unces B R. Bompoc o coBmajenun Muo-
kectB A u R Obl1 moctasien ere JI.Dinepom. B 1844 r. ¢dpanmysckuii MaremaTuk
JlnyBuib jjokazan, uro R\ A # ¢, T.e. cymecTByOT 4uC/Ia He sIBAMONIMECcs ajredpaunye-
cKuME (TaKde YUCIa HASBIBAIOTCS TPAHCHEHIeHTHBIME). J[0Ka3aTeabCTBO OCHOBBIBAJIOCH
HA TPUOJIUKEHUH BEIIECTBEHHBIX YUCEJT PAMOHATIBHBIMU.

JoxkazaTth ciaeayomntyo Teopemy [.KanTopa:

MHuokecTBO BCeX aaredpamdecKux YUcesI SBIsIeTCS CUeTHBIM.

Ykazanwue. Ilycrs A, - MHOXKECTBO BCeX ajrebpamdecknx dmces cremennn. Kaxio-
MY HEMPUBOJAUMOMY MHOTOYJICHY

fx) =ax" + ...+ ay,

COMOCTABUM YHUCIO || + |ay| + ... + |a,| = p. CyniecrByer TOIBKO KOHEUHOE YUCIO MHO-
rOYJIEHOB ¢ (PUKCHPOBAHHBIM 3HaUeHHeM p. ClleJOBATEIBHO CYHIECTBYET KOHEUHOE THUCIIO
anrebpanvecKux Yncesl CTerneHu n ¢ GUKCHPOBAHHBIM 3HaueHnueM p. [Ipunasas p 3nave-
Hust 1,2, 3, ..., MBI OJIy9uUM, 9TO A,, ABJISETCST O0bEJIMHEHNEM CIETHOIO YHC/Ia KOHEUHBIX

o0
muOoKecTB. Tak kKak A = | A,,, T0 A - cueTHOE MHOXKECTBO.
n=1
9. Ilycrs T - MHO)KECTBO TpaHCIEHAECHTHBIX dnces. /lokasarh, yrol ~ R.

Ykazanne. BocnonbzoBarbea pasencrsoM A U T = R u ynpaxkuenuem 2.

10. Ilycrs G - rpynmna u a € G,a # e. Jlokazarh, 9YTO CYIIECTBYET TaKasi MOAIPYIIIA
H<G gytroa¢Huecm H< K <G, t0a € K.

11. Ilycrb R -KOBIO ¥ @ - HeHUWJILIIOTEHTHBIH 1emenT R. /lokazarh, 4ro cynecrByer
taxoit uzean [ <R, uro {a,a?, .. }NI=¢uecm I C K<R, u K#1, 10 {a,a® ...} N
K # ¢.

Ykazanue. Bocnonb3oBarbed aemmoit 1opaa.



['JIABA 2. AJI'EBPA JIOT'UKI.

NcTopudeckas crpaBKa. Omuum u3 cosgareseil MaTeMaTHIeCKON JTOTUKHI SBJIAICS
Jxopmk Bysb (1815-1864) -anramiickuit marematuk u jgoruk. OH He HMe/ CIEnUa bHO-
ro MareMarndeckoro obpasopanusi, Xorsa ¢ 1849 r. paboran nmpodeccopoM B OZHOM W3
Wpnanjgackux yHuBepcuTeToB. VM onyOaumkoBaH psji padOT 1Mo ajredpe BbICKA3bIBAHUIM,
U3 KOTOPBIX OTMETHM CIeAyIonryio Kaury ~VccmenoBanme 3aKOHOB MBICTH, Ha KOTOPBIX
OCHOBAHBI MaTeMaTHIeCKUe TEOPUU JIOTUKU U BeposgTHocTei” (1954). *) Ilepsbie nccie-
JIOBaHUSI IO MaTemMaTudeckoit jioruke B Poccun Obiin Havars: B Kazanckom yHuBepcurere
BO 2-it monoBune 19 Beka. B wactHocTu, nepsbie B Poccuu JIeKIuu 1Mo MaTeMaTHdecKOi
Joruke OpLin mpounTadbl B 1887-88 r. mpodeccopom I1.C.Ilopenkum. Kak ormederno B
pabore *x), kpome [1.C.ITopenkoro, Gosibinoii BKIa B pa3BUTHE MATEMATHIECKON JIOTH-
Ki ObLI caenan npodeccopoMm Kaszarckoro yuumsepcurera H.A.BacuiabeBbim. M ObLim
HAYATHl UCCAEJOBAHUA 110 MHOTO3HAYHBIM JIOTHKAM, MOJIBEPTHYT KPUTHUKE 3aKOH UCKJIIO-
YHTEJBLHOTO TPeThero (aV a = 1).

§1. Asrebpa BBICKA3bIBAHUIA.

BbICKaSbIBaHI/Ie - 9TO yTBepzKAaeHue, 0 KOTOpoOM MOXKHO I'OBOpUTb, 4YTO OHO MCTUHHO
NJIN JIOZKHO. HaHpHMep, caeayromue yIBepzKAeH A ABJIAI0TCA BbICKa3bIBAaHNAMMN!

1. "Puo-ne-kaneiipo - croauna Bbpa3uimu’ - 3T0 YTBEPXKIACHUE SBISAETCS JTOXKHBIM;

2. 720 mapra 2000 r. B Bapuayse 6yaer J10XKIb - 3TO YTBEpP:KJIeHUE, KOHEYHO, sIBJIs-
eTCs BBICKa3bIBAHUEM, HO €r0 UCTUHHOCTh MBI CMO2KeM npoBepuTh 20 maprta 2000 r.;

3. 7IIpocThIX umce, 1 GCKOHETHO MHOTO” -3TO UCTHHHOE YTBEP:KICHHUE.

Caenyrolme yTBep:KIeHNsT HE STBISIOTCS BhICKA3HIBAHUSIMU:

1) "I'ne Bot 2xkuBere?”; 2) "Koroporiit ac?”; 3) 7 Vasibaurecs!”

BrickaszpiBanust Mbl Oyjem 0b603HAYaTh OOJBIIMMHU U MAJLIMUA OYKBaAMHU JIATHHCKOTO
andasuTa. Ecnu BeicKa3piBanue @ uCTHHHOE (JI0¥KHOE), TO OyAeM MHCATh @ = U WK a=JI
( coorBercrBenno, a=1 win a=0) U rOBOPUTH, UTO @ MMEET UCTHHHOE (JIOXKHOE) 3Haue-
Hue. Bynem npeamonararb, 9T0 HEKOTOPHIT HAOOD BBICKA3BIBAHUI SIBISETCS OCHOBHBIM:
a,b,c,.... 9T BbICKa3bIBaHUdA Mbl Ha30BeM mnpocrefimumu. C HTOMOIIBIO TPOCTERITHX
BBICKA3bIBAaHMUH 1 010308 "1, "uyn’, 9acTULbl ~He” MOYKHO COCTABJIATH C/I0XKHbBIE BHICKA-
3piBaHudg. Hampumep,

75 - mpocTtoe uncao wian bapuays - cronuna Poccun”,

"HeBepHO, 4TO ecjii B TPEYTOJbHUKE COBIAIAIOT MEHTPHI BIUCAHHON W OMHUCAHHON
OKPY’KHOCTEH, TO 3TOT TPEYTOJIbHUK SBJACTCS PABHOCTOPOHHUM .

*) Maremarnaeckuii sHIEKIONEAnYecKuil cioBapb, Mocksa, Coser. sHi.”, 1988, c.

672.

) A M. Maabues. K ucropun anre6psr 8 CCCP 3a nepsbie 25 ser, ” Knaccnaeckast
asiredpa’, 136. Tp., Hayka, 1967, 1.1, ¢.475.

MbI 6y;peM OTBJIEKATHCA OT CMBICJIOBOT'O 3HAYECHU A BbICKaSbIBaHI/H';I, NHTEPECYACH TOJIb-
KO 3HAYEHUSIMU UCTHUHHOCTH W JIOZKHOCTH HX.

BBesiem ciieytornme 0CHOBHBIE ONEpAIUN aJreOphbl BHICKA3BIBAHWI: OTPHUIIAHUE, U3 b-
IOHKITUIO, KOH'BIOHKITUIO, HMMILTHKAIIHIO.

OTpI/IHaHI/Ie. OrpunannemM BBICKA3BIBAHUS (. HA3BIBAETCS BBICKA3bIBAHUE, KOTOPOE
HUCTUHHO, €CJIH G - JIOKHOE W JIOYKHOE, €CJIU @ -UCTUHHOEe BhiCKasbiBanue. OTpHIaHue a
obo3Havaercd @, JubO —a U YUTAETCs ~ He @’ WU HeBEePHO, 9TO @ .

[IpuBeemM TabOIUIY UCTUHHOCTH CJIOXKHOTO BBHICKA3BIBAHUS G-

—_
—| O]




Konsbionknus. *) Ilycrs a,b - HeKoTopble BhICKasbiBans. KOHbIOHKIHA a 1 b -
9TO HOBOE BBICKa3bIBaHWe, 0003HadaeMoe a - b wiu a A b (auraerca: “a u b”), 3HaYeHHE
KOTOPOTO OIpeJie/ideTcs cIeyIomeil Tabimneil HCTHHHOCTH

a-b

OOP—‘H‘@
OHOH‘@‘

o) Ren) e i

*) conjuctio - coro3, ¢BA3H (J1aT.)

TaKI/IM 06p330M, KOH'bIOHKIUA IPpUHUMaET HCTUHHOE 3HadeHue Torjga u TOJBKO TO-
T'la, KOT/da O6a MHOXKHUTEJAd NMEIT NMCTUHOE 3HAYCHUE. B PYCCKOM A3bIKE KOHBIOHKIUA
COOTBETCTBYeT coro3aM "u”, "Ho", "xorda”, ” 0JTHAKO" .

Jusbionkims. **) [IycTs a,b - HeKOTOpbIe BHICKABIBAHHSA. JIM3bIOHKIHA @ 1 b -
9TO BBICKa3bIBaHUE, 0b03HadaeMoe a V b (mpousnocurest "a win b”), 3HAYEHHE KOTOPOTO
ompeiesIAeTcs Caeayolei caepyommeil Tadaunel HCTUHHOCTH

alblaVvd
1]1 1
10 1
01 1
0]0 0

B pycckom s13bike oneparnusi COOTBETCBYET COI03y ~ W .

sx)disjunctio - paznuane (J1at.)

Nmmnukanus. ***) Iycrs a,b - HeKOTOpBIe BbICKa3bIBaHUsA. VIMILTHKamuei a i b
HA3BIBACTCS BBICKA3bIBaHue, obo3navdaemoe a — b( wim a D b) (umraercs "a Biaeder b, ”
u3 a caegyer b’ Vecan a, To b”), 3HAUEHHE KOTOPOTO OMpeessieTcs Tadauieit

albla—b
1)1 1
10 0
01 1
0]0 1

U3 tabiuiipl cieyer, 4To UMILIMKAIMs] KMEeT JIOYKHOe 3HAUeHUe TOrIa U TOJBKO TOr/Ia,
KOT/Ia TIOCBLIKA NMeeT HCTHHHOE 3HAUEeHHe, & 3aKJII0UeHHe - JIOXKHOEe 3HATCHHE.

#K) implico - TecHo cBA3aHB! (J1aT).

C IIOMOIIIBIO BBCICHHDBLIX Ol_IepaJ_H/H';I7 MbI MOZKeéM CTPOUTL CJIO2KHbIE€ BbICKA3bIBaHUA,
HCXO/sl U3 IPOCTeRINX a,b,c,. ... Hanpumep, paccMoTpuM Ciejyiolee BbICKA3bIBAHUE
A(a,b,¢) = (a-b— ¢)V (¢-a). TlocTporM a1 Hero TabINILy HCTHHHOCTH

a|b|cl| Aa,b,c)
17111 1
11110 0
11011 1
11010 1
0]1]1 1
0[1]0 0
0]0]1 1
0]0(0 0




CaoxHOe BbicKasbiBanue A(ay, . . ., a,), 3aBUCAIIEE OT TPOCTEHIINX Ay, . . . , Uy, HA3bIBA-
eTCsT TOXKIECTBEHHO HCTUHHBIM (JIOZKHBIM ), CJIH TPH JIOOBIX 3HAYEHUSIXA 1, . - . , Ay Aaq, . .. ay)
NpUHUMaeTUCTHHHOE (T07KHOe) 3Hadenue. Hanpumep, @ — b) V (ab) - ToxIecTBeHHO
HCTHHHOE BHICKa3biBaHme, a ((@ — b) — ¢)- (a — b) - ¢ - TOXKAECTBEHHO JIOKHOE BHLICKA3BI-
BaHUe.

IBa ciaoxkubIX BbicKasbiBanus A(ay, ..., a,) u B(ay,...,a,) HA30BeM IKBHBAJTECHTHbI-
MU, €CJIM MPHU JIOOBIX 3HAYCHUAX MePEMEHHbIX a1, . . ., G, 3Hadenud A u B coBmagaior, T.e.
A u B uMeroT onuHAKOBbIe TabJUIbl HCTHHHOCTH (B obo3navennn, A = B wim A ~ B.)
Hampuwmep, ecin A- TOXKIeCTBEHHO UCTUHHOE BhICKasbiBaHue, 10 A = 1. Jlerko BumeTh,
Takxe, 9to @ Vb = @ - b. BunapHoe orHomeHne "= Ha MHOYKECTBE CJIOJKHBIX BBICKA-
3bIBAHUN SABJISETC, OYEBUIHO, OTHOIIEHUEM dKBuBaJaeHTHOCTH. OHO pa3buBaeT MHOXKE-
CTBO BCEX BBICKA3bIBAHWI HA HEIIEPECEKAIONINECHd KJIACCHI 9KBUBAJICHTHBIX BHICKA3BIBAHU.
MHuoKecTBO 3TUX KJIaccoB, HazbiBaeMoe anrebpoit Jluagenbayma-Tapckoro, MOKHO OTO-
JKJIECTBUTH ¢ MHOXKECTBOM T.H. OyJIeBbIX (byHKIMIA, T.e. dbyHKmii f(z1, ..., T,), aprymMmeH-
THl W 3HAYEHUE KOTOPBIX NpuHaAIe:karT MHoxkecTBy {0, 1}, O6o3naunm uepes Py - MHO-
JKecTBO Beex OyJieBbIX dyHKIMA. Torma, coryiacHo onpeje/enuio, ajaredpa Jlunanenbayma-
Tapckoro cogepzkurcs B Py. [lo3aHee Mbl 10KaxkeM WX COBIIAIEHHUE.

YrupakHeHus.

1. Jlokazarh cieayioniue SKBUBAJTEHTHOCTH

a)aVb=(a— ((b—a)— b)) — (b— a);

6)(a-b)Vevb=aVeV;

B)a — (b —a-b) =1;

2. llyTemrecTBEeHHUK HAXOAMUTCS B OJHOM U3 roponoB A win B, HO B KAKOM UMEHHO
- emy Hem3BecTHO. 2Kutenu A roBopsr mpasmy, a ykutean B Bcerma jaryrt. On 3ajaer
cobece IHUKY OJIMH BOIPOC, HA KOTOPBII MOMXKeT MOLyduTh oTBeT ~ 13" uin “Her | npudem
OTBeT ero cobeceHKa MOYKET SIBISTHCS MPABION WJIN JOXKBIO (9eM MMEHHO, eMy Hem3-
BecTHO). [lpuaymars BOmpOC, MO OTBETY HA KOTOPBIA MOYKHO OJHO3HAYHO OIPEJIeTUTh
ropoji, B KOTOPOM HAXOJUTCS My TEIIeCTBEHHUK.




§2. Bysesnl byHKIHIN.

[lycts E = {0,1} u P, ={f; f: E" — E} - MmHO)KecTBO Beex Oy/eBbx dbyHKuuii (nim
dbyuxuuit anrebper gorukn). Kaxgas dyuxuust f(21,...,2,) - TOJHOCTHIO ONPEIEICHA
cBOel Tabsuieil 3HaUCHNUIA

T | Ty Tp1 | Tn | f(@1,.. . 20)
00 0 |0 f(0,0,...,0)
00 0 | L |/(0,0,...,0,1)
00 1T [0 |/f(0,0,...,1,0)
00 1 | 1]/00,0,....11)
11 1 [ 1 /@1, L1

Yreepxkaeaue 1. Yucno secex GyHxnmit u3 P, 3aBUCAIIIX OT N IePMEHHBIX PABHO

n

22"
Joka3areabeTBO CIeayeT U3 CJAeAYIONINX JIEMM.
Jlemma 1. Ilycrs A, ..., A - KoHednble MHOKecTBa H |A;| = a;,i < k. Torga
MOIITHOCTD IIPSIMOTO TMpou3Beaenust Ay X ... X A, paBHA a1ds. .. a.
Jloka3aTeabCcTBO OYEeBHIHO.
B uwacruoctn, |[E™| = 2.
Jlemma 2. Muoxkectso Beex dyukmuit {f;f : A — B} MOXKHO OTOXIECTBHTD C

[1 B, rne B, = B. B wacTHOCTH, MOITHOCTD 9TOr0 MHOKecTBa papna |B|4l ecmn A u B

a€A
- KOHEYHbIE€ MHOXKECTBO.

JleiictBuTenbHo, ecn f - orobpaxkenne A B B, To f MOXKHO OTOXKJIECTBUTH C YIIOpPsI-
JIOYEHHBIM HADOPOM JIEMEHTOB

= (f(al)ﬂf(a2>7 - '7f(am))7

rie A = {ai,as,...,an}, f(a;) € B,i < m. Beprno u obparnoe. [ljasg moboro nabopa
(by,...,bm) € Tl B, cymecrsyer dbyukuus g : A — B rakas, uro g(a;) = by, ..., g(a,) =
acA
bm. Pasencrso | ] B,| = |B|Y cieayer u3 memmer 1.
A

ac
[Tosoxxum B memme 2 A = E" u B = E. Torna monHocTh Beex 6yaeBBIX (hyHKIHM OT

N MepeMeHHBIX paBHa 22 .

[IpuBejieM HEKOTOpPBIE MPUMEPbI OYJIEBBIX (DYHKITHUIL:

1) fi(z) = 0 - xoucranta 0; 2) fo(z) = 1 - xoucranta 1; 3) f3(x) = x - TOXKIECTBEH-
nas dyakuus; 4) fi(x) = & -orpunanme x (vuntaerca "He x7); 5) fi(r1,0) = X1 - Xo-
KOHBIOHKIINS 1 U To; 6) fo(21,22) = o1 V o - IU3BIOHKIMS T1 U To; 7) f7(x1, x0) = 21 —
To UMIUIMKAIMS T1 U To; 8)fg(r1,22) = (1 + x2) - cioxkenne o mod 2;9)fy(z1,29) =
x1|re - dynknua Mleddepa.

Ty | Ty | Ty X | (w]xe) | x| 21 VT | T — 2
0|0 0 1 0 0 1
0|1 1 1 0 1 1
1 0 1 1 0 1 1
1 1 0 0 1 1 1

dcho, aro x1 - xo = min(xy, x9) u 1 V 29 = max(xy, T2).



[Tycre X = {z9,x9,...} -CU€THOE MHOXKECTBO MEPEMEHHBIX H

V = {filzuiny - Tuginy )it € 1}

- KOHEYHasl WIH CYeTHasl COBOKYIHOCTH (DYHKIHI aiareGpbl Joruku {i(n,m) - 1meaodu-
cieHHas DYHKIUST NPUHUMAIOIIAA IPH JTF000M (DUKCHPOBAHOMN PA3IMIHbIE HATYPAIbHBIE
3HAYCHUS NP PA3IAYHBIX M). BBegem mousiTue GopMyJIbl HaJl MHOKECTBOM V/ .

Omnpenenenne.

a) kaxxgasa byukys f; € V,i € I, apusierca dbopmy.aoit Hag V .

6) ecnmu f(21,...,2,) €V 4 ¢1,..., ¢, - mub0 bopmyasl HAT \/, 1060 NEpeMeHHbIe U3
X, 10 f(¢1,...,0n) - bopmyna nag '\ .

Kaxknoit popmyste Ha1\/ ecTecTBEHHBIM 00pa30M CTaBUTCHA B COOTBETCTBUE (DYHKITUS
aareOpsl Joruku. flcHo, 9To DYHKIMA peannsyiomas (hpopMyIy saBISeTCA CyHepHo3uIneii
byuknumit uz '\ .

Omnpenenenne. Jdpe dopmyasl A u B Ha3BIBAIOTCH SKBUBATCHTHBIMHI, CCH UM CO-
OTBETCTBYIOT paBHble hyHKuuu (B 0603Hauenun, A = B win A = B).

[TpuBegeM OCHOBHBIE SKBUBAJIEHTHOCTH.

1. O6o3naunm uepes (r; o xg) 0OV U3 byHKUUA T - To, Ty V Ta, 1 + xo. Torma
CIIPABE/TMBBI CICAYIONIAE SKBHBAJICHTHOCTH:

a) (x1 0x9) 0 x3 = 1 0 (9 0 x3) (CBOUCTBO ACCONMUATUBHOCTH );

6) (x1 0x9) = (9 0 21) CBOWCTBO KOMMYTATHBHOCTH );

B) 1 - (22 V a3) = (x1 - x2) V (21 - 23)21 V (T2 - 23) = (21 V x9) - (21 V 23) - cBoiicTBa
JUCTPUOY TUBHOCTH;

r)zVy==z -g,c —>y=IVy,z-y=IVYyIT=ux;

n) r-r=2x,2Vr=2c (IIeMIOTeHTHOCTD);

e)xV(x-y)=x,a-(aVb)=a- cBoiicTBa NONJIOIIEHHUSI,

K)a-a = 0 - (3aKoH mpoTHBOpeuns), aV a = 1 - (3aKOH HCKIIOYUTETHHOTO TPETHETO).

JlokazkeM, HApUMeEP, SKBUBAJICHTHOCTL & — Y = T V .

Nmeem,
rT|ly|lr—y|xTVYy
010 1 1
011 1 1
110 0 0
111 1 1
@opmysbl, B MOCTPOEHUH KOTOPHIX ydacTBYIOT (MYHKIUN V, -, -, COAEPKAT CKOOKH.

C menpio yMEHBLIICHHs YHCIa CKOOOK B 3amucu (pOpMyJibl, BBEAEM IOPLI0K JeiiCTBuii,
cuMTasi, YTO BHAUaJIe BHIINOJIHsAeTCA -7, 3areM -’ u gaJyee ” V7.
Hampumep, dbopmyry (z-y-2) V (7 - (y2)) MOXKHO TlepenucaTh B BUAe T -y - 2V T -7 - Z.
Omnpenenenne. Oyuxmas f*(zy,...,2,) = f(Z1,...,Z,) HasbIBaeTCsA TBOHCTBEHHOMN
K Gynknun f(xy,...,x,). dcno, uro (f*)* = f u 0 goiicrenna 1, 1 apoiicreenna 0, x
OBOMCTBEHHA T, T OBOUCTBEHHA T, X1 * Lo ABOUCTBEHHA X1 V X9, X1 V X9 IBOUCTBEHHA I - Xo.
YrBepxkaenue. IIycts ¢ = f(fi(zi1, - Tiny)s- s fon(Tmys - - s Ty, ) )- Torma ¢* =
@, s Ting)s oo [ (@t o Tinny )

JleiicTBUTETLHO, COTTIACHO OMpEeJIeIeHNI0 TBOMCTBEHHON (DYHKITNH, nMeeM
¢* = f(fl('flla e 7'f1n1>7 .. ) =
= f(ff; Ce 7f72> = f*(ff(x117 . 71’1”1)7 ey f;L(mel, . ))



U3 3T0T0 yTBEpKICHUS CJIeAYeT CACAYIONNNA MPUHIMH IBORCTBEHHOCTH JJId (DOPMY.JT
HaJd MHOXKECTBOM

\/Z{O,l,fi‘,x1~x2,x1\/m2}:

Juid nosiydenust popmysibt A*, apoiicrBennoii k popmyse A, neobxoaumo B A 3aMeHUTDH

0ma 1, 1 wva 0, 77 wa V7, 7V” wa 7-”7. Hanpuwmep, eciiu A = T1x9 V 2179, 10 A* =
X1 To V X1 Ty = T1T9 V T1T9 = (.Tl.f'Q) . (fl . l’g) = (3_31 V .CUQ) . (331 V .TQ).
z, T=1
[Tonoxum, gagee, 7 =< _’
z, 7=0.
Torga, ogeBuaHO, 9TO X' T3 . .. £" = 1 B TOM U TOJILKO TOM CJIydae, eCIuT| = Ty, Ty =
Toy ..y Ty = Tp. VI3 3TOrO 3aMedaHust CJEAyeT CIEAYIONiee YTBEPZKIeHNE O Pa3/I0:KeHNH

[POM3BOJILHOI Oy/1eBOl (DyHKIUM.
Yreepxaenue. [ycrs f(zy,...,7,) € P, un < m. Toraa

flzy,...,xm) = \/ P (T Tay Tty - vy Ton)-
(m1, -~Tn)

B uwactaoctn, ectun =mu f # 0, 1o f(21,...,2y) = V o
f(T17-~~7Tm):1
VKazaHHOE Pa3JIOKeHIe HA3bIBACTCSI COBEPIIEHHON IN3bIOHKTHBHONR HOPMaIbHOH (hop-
moii (c.a.u.d.) byukiun f.
ITpumep. Pacemorpum creayronryio dpyHKITIO.

f(x,y,2)

el Ll el Bl Bl Rl Renl Rl R o
el el k== el Rl Rl N
O = O = OO N
= oo o = o

Ormerum Habopswl, pu kKoTopbix f = 1 : (0,0,0), (0,1,0),(0,1,1),(1,1,1). CrenoBa-
TesibHO, [ = TYZ V ZyzZ V Tyz V zyz.

Ecau f 3aBucur or 2y, ...,%,, TO IPOU3BEJIEHHUE L' ...Z" HA3BIBACTCS YJT€MEHTAPHOM
kombloHkiueil. T.e. kaxnaa dyrkuuma f # 0 apagercs TU3BHIOHKIUEH HEKOTOPBIX 3Je-
MEHTapHBIX KOHDBIOHKIMIL. Ilomoxkum B mocaeqneM yreepxkaenunn = 1. Toraa

fxr, .o yxm) = a1 f(Lxe, o, 2m) VELF(0, 29, ..., ).

Teopema 1. Kawxnas Gyiiepa QpyHKIHA MOKeT ObIThL BbIpazKeHa B BHe (POPMYJIbI
Yepe3 OTPUIAHNE, KOHBIOHKIIHIO U TU3bIOHKITHIO.
JlokazarenbcTBo. Ecmm f =0, 10 f = 2, - Z;. Ecimn f # 0, To

fly,...,z) =\ o] ...a

f(7—17"'77—77,):1

B uwacrrocru, anrebpa Jlunaenbayma-Tapckoro cosnagaer ¢ Ps.
[Iycrs [ # 1. Torma f*(xy,...,2,) = f(Z1,...,%Zn) # 0. [pencraBum f* B Buje
c. i u.d.. Umeem, f*(z1,...,2,) = V x1t ... xlr. Cneposarensho, f(xy,...,x,) =

*(11,em)=1



A (x'V...Vzr) = A (z'V...Var). [onydernoe npeacrapienne dbyHK-
f(flw--ﬂin):(] f(le--,Tn):O
man [ # 1 B Bujie KOHBIOHKIINH 7IEMEHTAPHLIX JTU3BIOHKINN HA3BIBACTCH COBEPIICHHOM

KOH'BIOHKTHBHOI HOpMaJIbHOH bopmoit (¢.K.H.b.).

Hanpumep, ecau f - popmy/ia U3 mpeabIIyInero mpuMepa, To OTMETHM CHadasa Habo-
pbi, npu koropbix f = 0: (0.0.1),(1,0,0),(1,0,1),(1,1,0). Tlo xaxaomy HAGOPY CTPOUM
JEMEHTAPHYIO U3 bIOHKINIO: L1V TV T3, T1V XV a3, T1VraVEs, T VI Vrs. Konboukius
MOJIYIEeHHBIX JTU3BIOHKIHH 1 Oyaer c.K.H.¢. a4 f.

Ompenenenns. 1) ITyers \/ C P,. Muoxkectso dyrkmuii [\/], cocrosmiee u3 cynepro-
sunmit byuxmit u3 \/, HassiBaercs 3ambikanuem \ . Ecan ke \/ = [V], To V HasbiBaercs
3aMKHYTHIM KJaccoMm dyukimit; 2) [lycrs \/ - samxuy eIl Kitace. [Toqmuoxkectso B C \/
Ha3bpIBaeTCs moMHbIM BV, ecau [B] = \/; 3) Iloanoe nommuokecTBo B 3aMKHYTOTO KJIac-
ca \/ HazbiBaercs Oa3ucoM \/, ecian HUKAKOe COOCTBEHHOE MOAMHOZXKECTBO B He sIBJIsIeTcs
IIOJIHBIM B V .

U3 reopemsr 1 caenyer, uro {Z,x -y, z V y} - nonHas cucrema hyHkiuii B Py. Tak kak
Ty=xVyuzVy==1-y, 7o{Z,xVy}u{Z -y} ToxKe MOTHBIE CHCTEMBI (TIPH TOM,
apagoiuecst bazucamu B P). Tak kax, (z|z) =7 u 2 Vy = (z|z)|(yly), o {x|y} - 6azuc
bs.

Bamernm takzke, aro 1)V C [V];2)[[V]] = [V]; 3) ecim V; C Vs, 10 [V1] C [Va]; 4)
3ambIKaHne kiacca \/ = {Z} cocrour n3 byukmuit {x;, 7} n He coBmanaer ¢V .

Tak kKak £+ 1 = Z, 10 MHOKecTBO {0, 1,21+ 9, X1 T2} ABIAETCS TOJHBIM U €10 3aMbl-
KaHHe COCTOUT U3 BLIPAXKEHHH BUIA Ao+ i QT+ Y QT > ATy - - Ty, -

i=1 1<i<j<n 1<i) <. <ip<n

Tak kax a(;y = 0, 1, T0 11C/I0 TAKAX BBIPAZKEHUIT OT N IePeMEHHBIX He Ipesocxoxut 2.
DTH BhIpakKeHUsT HA3bIBAIOTCS MHOrOWIeHaMN ZKHraJkuHa. Y YuThiBasd, qTo|P2(")| = 22",
MBI IOJTYYIaeM CJAeAYIONIYI0 TEeOPeMY.

Teopema 2. Kaxnaa bynkmus n3 Py MozKeT OLITh BhIpasKeHa eJIHHCTBEHHBIM 00pa-
30M B BHJE MHOTOWIeHa 2 erajkuHa.

Hampuwmep, ©1 V 29 = 1 + 29 + 129 U &1 — T9 = T129 + 71 + 1.

Ucropuueckasa cupaBka. 2Kerajskuu VlBan IBanosnu (1869-1947) - coserckuii
MaTeMaTuk. Ero marucrepckas guccepraius ~Tpancdunurabie ancaa’ (1907r.) Obuia
nepBo#l pycckoit moHorpadueii mo reopun MHOXKecTB. IccaemoBasa OyeBbl (DyHKIHH H
BOIPOCHI PA3PEITUMOCTH (AJITOPUTMHUICCKHE MPOOIEMBI).

§3. Teopema o mosHOTE.

[IpuBejem npuMepbl HEKOTOPBIX 3aAMKHYTHIX KJIACCOB B 5.

1. Mycrs T, = {f(x1,...,2,) € Py; f(0,...,0) = 0} - mHOKecTBO QyHKIHMIT, COXpa-
mgomux Koucranty 0. Ecmu f(xq,...,2,), fi,..., fu € T,, TO, noacTanisiga B GOyHKIHO
o= f(f1,..., fn) BMeCTO mepeMeHHBIX KOHCTAHTY 0, MMeeM

$(0,0,...,0) = F(£(0,...,0),..., £(0,...,0)) = £(0,...,0) = 0.

Cnenosarenbro, T, = [T,] -3amHyThii Kaace. cno, uro 0,x,x; - To, 1 V Xo, Ty +
xo npunaiexRar T, u (ry — x9) € T,. Kaxgaa bynkuns or n mepemenubix u3 1, on-
HO3HAYHO ONpEJeNIsIeTCsl CBOUME 3HAUeHUsME Ha HaOopax He pasHbIX (00,...,0) ( ux
qucao papao 2" — 1).  CuenoBaresibHO, 9uCI0 TakuX (DYHKIHMHA DABHO 21 U3 Te-
opeMbl 2 mpeabiayiiero maparpada caegyer, 9ro {z; + To, Ty - xo} — Gazuc T,. eii-
CTBUTEIBHO, 3aMBIKAHHE 3TOrO0 MHOXKeCTBa ecThb 1,. C Apyroil cTpoKH, O4eBHIHO, 4TO
Ty o € (X1 + o) 1 + 20 & (21 - 2]



2. IHycrs T = {f(z1,...,2,) € Py;f(1,1,...,1) = 1} - mMHOXKecTBO hDYHKIHI,
coxpangomux KoHctanty 1. Torma, mo anasorum ¢ 1.1, T} - 3aMKHYTBHI# KJacc, CO-
JiepzKaimuil HanpuMmep, (PYHKIHHU T - Lo, 1, x 1 He cojep:kamuit . Yuciao dbyuxnuit ot
n mepeMmeHHBIX B 1) paBno 22" /2. Vkaxem 6azuc Ty. Slcmo, uro A = {x| - 29,7, —
o} C 1. Unmeem, z1 V 29 = (11 — 23) — x9 € [A]. Iycrs f(xq,...,2,) € Ty. Ecan
f=1mr10f =2 — x € [A]. llycts f # 1. Torga upencraBum f B Buie ¢.K.H.(.
flzy,. .. x,) = ( A ) (x7* V...V al). Tak kax f(1,...,1) = 1, To cpean dmeMeH-

flr,.;mn)=0
TAPHBIX JU3BIOHKIUA OTCYTCTBYeT MHOXKUTENb (F V To V ...V Z,). B Buay paBeHcrs
T1VIy =29 — T1,Ty \/i’g\/fﬁg = ([EQ — $1)Vi’3 = T3 — (.772 — .Tl),fﬂl Vo = (.1’1 — .1’2) —
Tg, umeeM, uto, [ € [A], T.e. Ty = [A]. Tak Kak x1 23 € T,, TO x| — T3 & [T1-x9]. Same-
THUM, 9TO JIJIS TPOU3BOJNBHON (DYHKIUI §(L1, . .., Ty) € [T1 — Xo] CylIECTBYET MEepeMeHHasT
x; Takast, 9ro §(T1, ..., Ty) > ;. Tak Kak (1 - T2) 9TOMY YCJIOBHIO HE YJ0BIETBOPIAET, TO
Ty xo & [T1 — x9]. Utax A = {1 - 19,21 — X9} — Gazuc T7.

3. Myctes S ={f € Py f*=fy={f € P; f(ZTy,...,Zn) = f(x1,...,2,)} - KITACC BCeX
caMOJIBOMCTBEeHHBIX byHKIuii. flcno, urox, T € S. Pacemorpum dbyukimio h(xy, xe, x3) =
129V Xox3V T123. I/IMeeM, h*<l’1, 9, ZE3> =T1To V X1X3 V ToZ3z = (flj}Q) . (Cli’y’i‘g) : <Zf'2(z’3) =
(fL’l V ZEQ)(ZEl V l’g)(l’Q V Ig) = (fL'l vV I’QIEg)(I’Q \% Ig) = X1T9 V T1T3 V Tol3 = h(l’l, T, I‘g).
CnenosaresbHo, h € S.

Hokazkem, ato [S] = S, T.e. S - 3aMKHYTHII K1acc. [IelicTBUTENBHO, TIYCTh

f(xl,...,xn),fl,...,fnGSH¢:f(f1,...7fn).
Torma ¢* = f*(fF,.... f5) = f*(fr,.-, [n) = [(f1,-.., fn) = ¢ € S. Tak kak g1a camo-

ABoiicTBenHol dbyukiuu f € S BIMoAHAeTCA paBeHcTBo f(ay, ..., an) = fla, ..., ay),

TO CaMOJBOWCTBeHHAs! (DYHKIINS OJHOZHATHO ONPEEISeTCs CBOUME 3HAYEHUSIMU Ha Tep-
BO#1 1MOJIOBUHE CTPOK CBOEH Tab/JuIbl UCTUHHOCTH. 'T.€. YMCJIO BCEX CAMOJIBOMCTBEHHBIX
byHKIHI, 3aBUCAIUX OT 1 HepeMeHHbIX paBHo 227 = /22", Bamerum, uro (z + y +

2),zgVa-zZVy-zZ € S u nokaxkem, uro byHKnusa - §V x - Z V § - Z obpasyer Hazuc S.

[ycrs f(xy,...,x,) € S. Torma f(xy,...,x,) = 21 - f(Lzo, ..., 2) VT f(1,Zo,...,Tp).

Oynkuus g(zg, ..., x,) = f(1,29,...,x,) mopoknaerca dyukiueii [eddepa z|y. Coe-

noBarenbHo, [ nopoxkgaerca gyuknueii 1(x|y) VT (Z|) = 12V, - gV T-g. Urak , S =

(21T V 213 V ToTs).

Jlemma 1. Iyers f(zy,...,7,) ¢ S. Torga us f myTem nojcranoBku dbYHKIHH T 1 T
MOZKHO IIOJIyYATH KOHCTAHTY.
JlokazaTenbcTBO. CymecTByer Habop (ay, . . . , () TaKOM, UTO

f(al, - .,Ckn) = f(O_él, e ,O_én)

Pacemorpum yukmuio
g(x) = f(x™,x*, ... x").
Torpa g(0) = f(0*,...,0%) = f(ay,...,q,) = flag,...,qn) = f(1,...,1%) = g(1) -

KOHCTaHTa. JleMMa moka3zaHa.

4. BBejieM OTHOIIEHHE YaCTUYHOIO NOpsijika Ha MHOXKecTBen-ok E™ rne E = {0,1}.
Ckaxem, 410 (aq, ..., 0p) < (O1,...,0n), ecm ag < fy, ..., a, < B, Oyukuus f (1, ..., T,)
HA3bIBAETCA MOHOTOHHOI, €C/IN Jjist TI00bIX HABGOPOB (v, . .., &), (B1, ..., O,) Takux, 9To
(a1, ..,0n) < (B1,...,0,), umeer MecTo HepaBeHCTBO f(aq,...,qn) < f(B1,...,0n).
Ob6o3naunm gepe3 M MHOKECTBO BCeX MOHOTOHHBIX (byHKuuit. IlpoBepum ero 3amkmHy-
TocTh. [lycTh

f([Eh...,In),fl,...,fnGMI/I
QS(ﬂfll,..., Ilmlw--axnla---axnmn) :f(fhafn) € [M]



[ycre & = (11, - -+, Oy, ) < B = (Bi1s - - -5 Bam, )- Torma

¢(d) = f(fl(alb s 7a1n1)a teey fn(anh s 704nmn)) S

< f(fi(Bus - Bing)s s Fa(Bars - -+ Bam,)) = ¢(8) m ¢ € M.
CanenoBarenbo, M - 3aMKHYTHIH Kiaace. fcuo, aro{x Vg, x1-29,0, 1,2} C M uz ¢ M.
Hokazxkem, uro B = {1 V 29,2 - 9,0,1} — Gaszuc M. Ilycts f(xy,...,x,) € M. Ecin
n =0, 1o f - koucrauTa u ciaeposarenbuo, f € B. [Ipegmnonoxum, 910 BCe MOHOTOHHBIE
dbyukuum or we Gonee, wem (n — 1)-it mepemenHoit npunagexkar [B]. Jlokaxkem, dro
f € [B]. Imeem pazniozkenue

f(xb s 7xn> - f(xla ceey Tp—1, 1)xn \ f(xla s axn—lao)fn-

Oyukmuu ¢ = f(xy,..., 251, ) u ¢y = f(xq1,...,2,-1,0) ABIAIOTCA CYNEPIOIUNUIMU
MOHOTOHHBIX M, CJI€I0BATEJLHO, CAMH SIBJIAIOTCA MOHOTOHHBIMH. 3aMeTHM, 49Tof = ¢ -
xn V . HdeitctBurenbuo, nycts & = (i, ..., a,) - Takoit Habop, 4to (px, V ¢)(a&) = 0.
Torma ¢ (a, ..., 1) = 01 mbo oy, = 0, mbo p(ay,...,a,-1) = 0. CremoBaTeabHo

f(a) = 0. O6parno, ecan f(5) =0, vae 5= (B, ..., [y). Torna

50(617 ce aﬁn—l)ﬁn =0mn

¢(617 s 7ﬁn—1)ﬁn =0.

Ecau

B =0, 10 (P, V)(B) = 0.

Ecnu

Bn=1,100(B1,..., 1) = f(Brs-- - Bu1,1) =02 f(Br, ..., Ba1,0) = 0.

CrenoBarensno, (px,Vi)(8) =0 u f = px, V. aree, p(z1,...,Tn—1) = f(z1,..., Tp1,
flzy,...,20-1,0) =Y. Eemm ¢ =0, 7oy =0u f =0. Eam ¢y =1, to f = 1. Ecin p =
luy =0, o f =x, Ecim ke ¢ win 1) He ABASIOTCS KOHCTAHTAME, TO 110 ITPEIIIOI0ZKe-
HUIO MHAYKIME OHU Oy/yT mpuHajjex)arh [B| u ciegosarenvho, f € [B], te. M = [B].
Tak kak {z129, 21 V 29,0} C T,, 101 & [x129,21 V T9,0]. Hasee, tak kax {29, 21 V
x9,1} C Th, 100 & [v129, 21 V X9, 1]. Ecrm z129 € [21 V 29,0, 1], TO MOKHO CUATATD,
YTO B 3AlUCH 1Ty B BUJE CYNEPHO3UIUE X1 V Ty, 0,1 HeT KOHCTAHT ( B BHJIY TOXKIECTB
yVO0 =uyyV1l=1).Ho rorga z; - z3 € [x7 V xp]. [IporuBopeuune. Anaaoruyso,
x1 V X9 & [1129,0,1]. Takum obpazom, {129, 21 V 29,0,1} — Gasuc M.

JlemMma 2. Toacranoskoit Konetant 0, 1 1 IepeMeHHON T B HeMOHOTOHHYIO (DYHKITHIO
MOZKHO HOJYYUTH .

JokazatenbcTBO. Ilyers f(zy,...,x,) - nemonoronnaa ¢yukmua. Torma cyrme-
CTBYeT TaKue JBa HAOOpa

=
v

a = (041, cee 7ai—1707 7R PRI 7an)7

6 - (ala ey QG 17ai+17 ce. 7an>7

aro f(&) = 1, f(B) = 0. Homoxum g(z) = f(o, ..., 01, T, Qi1 ..., ). Torga g(0) =
1ug(l) =0, re. g(x) =Z. Jlemma goka3zana.
5. Pacemorpum Kitace, T.H., JUHEHHBIX (DYHKIHH

L={ay+az1+...+a,x,;0, =0,1,i <n}.



dcno, 9T0 1 V X9, w1290 & LuT = x4+ 1 € L. Uncino Bcex JiMHEHHBIX (GYHKIHMA OT N
nepeMeHHbIX paBHo 2" n byuxumy {1, r; + x5} obpasyior 6aszuc L. JIerko BUAETH, 4TO
[L] = L, t.e. L - 3aMKHYTHIil KJ1acc.

Jlemma 3. Ecmu f(zy,...,7,) ¢ L, To 13 Hee myTeMm MOJCTaHOBKH KoHcTauT 0, 1 u
X, %, a TaKzKe, MOXKEeT OBbITh, IIyTeM HABEIUBAHWSA OTPUIAHUS HAJ [, MOYKHO MOJIYYHUTH
(21 - x2).

JokazarenbcTBo. 3amumieM f(xy,...,T,) B Bue moiuHoMa ZKerajikuna

n
f(.Tl,...,[L'n) = a0+2aixi+ Z Aij Ui + ...+ Q12 2 T1To .. Ty,

i=1 1<i<j<n
rae ap = 0,1. Tax kax f ¢ L, o MOxHO cunmtaTh, 410 f = 21Z29(73,...,Tyn) +
T10(T3, ..o Tn) + Top(x3, .., Ty) + Top(Xs, ..., xn) + T(T3,...,2y), Tae g # 0. Boibe-
peM g, . .., q, TakuM, 910 g(as, ..., a,) = 1. Torga f(x1,x9, as, ..., ) = 2129 + axy +

brg + ¢ = q(xy1, x9). Tak kak q(x; + b, 9 + a) + ab + ¢ = x 29, TO JTeMMa TOKA3AHA.

SaMmkuyThIe Kaaccel Ty, 11, S, M n L momapHO pa3JIudHbl. DTO CAELyeT U3 HHUKecJIe-
Jiyrorneft TabuIbl, 11e 3HaK '+ o3HadaeT, 4To (PYHKIMS COAEPKUTCA B KJIacce, a 3HAK
7.7 o3HavaeT, YTO (PYHKIUA HE COAEPKUTCA B KJacce.

T, [T [S|M|L
ol+[-1-1+1+
L - [+[-]+1]+
z| - |-+ -]+

Amepukanckuit MaremaTuk S.IlocT 10Ka3a/1, 9T0 MHOZKECTBO BCEX 3aMKHYTHIX KJIACCOB
P siBisieTcst cCAeTHBIM 1 KazKJIbIH 3aMKHYTHIN KJ1aCC UMeeT KOHeTHBIH Oa3uc @ostE ., Two—
valued iterative systems, 1941). JTokaxkeMm cieayoniyo reopemy o hyHKIHOHAILHON 10J1-
HOTe.

Teopema (3.ITocr). Cucrema dbyuxuuit \/ C P, asagerca momnoii 8 P, Te. [V] =
Py, Torja m TOJIBLKO TOrJa, Korjaa \/ He COJEpPKUTCAd HU B OJHOM U3 HATH 3aMKHYTBIX
kaccoB 1o, 11,5, M, L.

JlokazaTeabcTBO. Heobxonumocts. Ecam V] = P, u, naupumep,\/ C M, 10 P, =
[V] C [M] = M. Ilporusopeune.

Hocrarounocts. Ilyers fo € V\Ty, f1 € V\T1, fs € V\S, fm € V\M, f. € V\L.

Ecmu fo(1,1,...,1) =1, to p(x) = f(z,...,x) = 1 - KOHCTAHTA U, TOJCTABJsAsI €€ B f1,
MBI osTyunM Apyryio kouctanty 0, T.e. 01 € [V]. Ecm xe fo(1,...,1) =0, 10 ¢(z) =
folz,...,x) = = € [V] u no jiemme 1, u3 f; MOXKHO TONYYHTH KOHCTAHTY. Tak Kak

T € [V], 1o 06e koucranTh 0,1 npunagnexar [\]. TTo nemme 2, u3 f,;, ¢ TOMOIILIO KOHCTAHT
MBI MOKeM mocTpouth T, T.e. T € [\]. ITo semme 3 ¢ momormipio fe,0,1 1 T MBI MOXKEM
HOCTPOUTD (21 -22). CienoBarennuo, {0,1,Z, z1 22} C [V] u P, = [V]. Teopema nokazamna.

I3 TeopeMbl CIeayer, 9TO U3 BCAKOI IIOIHOM cucTeMbl B Py MOXKHO BBIIEIUTD HOIHYIO
KOHCTAHTY, COJep:Kallyo He Oojee 5 hYHKIMIA.

OHpezLeHeHHe. Knace Gynkuunii W C P, Ha3piBaeTCs NPEANONHBIM (MaKCHMAIb-
HBIM), €CJIM OH He HOJIHBIA, HO [t joboit dyuaknuu f ¢ W knacc W U {f} - nonnbrii.

Ciencrbue 1. B anreGpe JIOrIKH CYIECTBYET TOIBKO ST IPEIIOIHBIX KJIACCOB, &
umenno: Ty, Ty, S, M, L.

JloKa3aTeabCTBO CJIeMyeT U3 TeopeMbl 0 (hyHKInoHaTbHON nosHoTe (.ITocta)

§4. IIpmnoxkennst GyHKIUN JIOTUKY BBICKA3BIBAHMIA.



1. Teopus MHOXKECTB.

[Iycte M - HEKOTOpOE (bUKCHpOBaHHOE MHOXKeCTBO U Ay, ... A, - €ro moaMHOXKeCTBA.
Torna nna mo6oro a € M Beipaxkenus a € Aq,...,a € A, ABJSIOTCI BBICKA3bIBAHUSIMI.
Ecmu f(x1,...,2,) - bopMysa anre6phl BRICKA3BIBAHHIl, B 3aIMCH KOTOPO BCTpeYaloTC
omperni -7, V7w 7= To obo3Haunm depes f HhopMy Ty TEOPHU MHOYKECTB, Oy YeHHY 0
u3 f 3amenoii x; Ha (a € A;),7 < n. Hanpuwmep, eciu f(xq1, x9) = (21VZ2)-21VE2T1, TO f=
((a€ A))V(a € Ay))-(ae€ AV (a€ A)(a € Ay). Obo3HAUNM TaKKe depe3 Zy BbIparKe-
HHUe, noaydaiorieecs u3 f 3aMmenoit x; va A;,”-” wa N,”V”, #Ha U u” —” Ha J0NOJHEHTE
A= M\ A. Torna Z; C M.

yTBep}K,D;eHI/Ie. f ucTuHHa 41g a € M Torma m TOJILKO TOrna, Koraaa € Zy.

JTokazaTebCTBO IPOBEEM UHIYKIIUEH 110 YUCTY BXOXKJACHUNH CHIMBOJIOB onepanui 7,
"\, 7-" B f. Ecim 310 9ncI0 paBHO HYMIO, TO f = X1 U f=ae A, Zy = A;. Barom cy-
Jae Hallle yTBepzKIeHne odeBHIHO. [lycTh Halle yTBep:KIeHHe BepHO IJIst BceX pOpPMY.I,
YUCT0 BXOXKIEHUi onepainuii B Koropoie < n. [Iycrs wucsio onepanuii B f pasuo n + 1.

Torga f = B-C, mubo f = BV O, mubo f = B. BBusy npenonoxKenns WHILyKIHK
B(CL) =1 ace ZB

Cla)=1ac Z
Tak kak f = B - C wm coorsercrsenno f = BV C, f = é, TO B BHJIY COOTBETCTBYIOIIIX
pPaBeHCTB Ly = ZpNZg,win Ly = ZpU Zg, win Zy = Zp Hallle yTBepZKJIeHIe TOKA3aHO.
Cnencreue 1. Ecm f =g, 10 Z; = Z,,.
CnencrBue 2. Ecmm f toxaecTsenno ncTunHas (noxkHas) dopMyna, To Z; =
M(Zy = ¢).

Uz CJIeJJCTBUA 1 cJaeayeT, HallpuMep, CBOMCTBO ,HI/ICTPI/I6yTI/IBHOCTI/I AJ1d IIOIMHOZ2KECTB
Al N (A2 U Ag) = (Al N AQ) U (Al N A3>,

K. a-(bVe)=(a-b)V(a-c).

2. PeneiiHO-KOHTaAKTHBIE CXEMBIL.

Unesa ucnonb3oBaTh OyneBbl (DYHKIWH s TOCTPOEHUS aBTOMATHYECKUX YCTPOUCTB,
OCHOBAHHBIX Ha PeJIeiHHO-KOHTAKTHBIX cXeMaX, Obl1a BbicKazaHna B 1901 r. ¢pusukom [1.9pendectom
(em.  JLA.Kamyxnun, Yro takoe Maremarnmdeckas Jjoruka, Hayka, 1964). Bombmoit
BKJIQ/I B 9TOM HalpasjeHun cjaejian coerckum pusukom B.U.ITlecrakoBbiv, amepukan-
ckum mMaTemarukoMm K.[Ilernornom n smonckum urxkenepom A.Hakacnma.

B nepeknaiodaresbHON cXeMe, T.e. YCTPOMRCTBA, COCTOSAIIEIO U3 IepeKaiodaresaeii u
COEINHAIONINX WX TTPOBOJHUKOB, MPUHIMAIOT BO BHUMAHWE JIBA COCTOSHUS KAayKJIOTO Iie-
PEKJTIoUaTeIsl: 3aMKHYTOE UM PA3OMKHYTOE (T.e. MPOBOJSIIEE UJIH HEMPOBOJISAIIEE TOK).
Kaz oMy nepekiouarento—| P |— moctaBuM B COOTBETCTBUE BHICKA3bIBATEJIBHOE 16~
peMeHHOe D, KOTOpOe HCTUHHO, eCJIH IMepeKJodarenb P 3aMKHYTBHIN U JOXKHO, ecian P
pazomkuyT. Cxema | Q — mpoBOAMT TOK TOMJIA W TOJBKO TOTJA, KOIJIa KOHb-
IOHKIIWS D - ¢ UCTUHHA, & CXeMa




IPOBOIUT TOK TOTJA U TOJBKO TOLJIA, KOTJIA JIU3bIOHKIM ( V ¢) uctunHa. [Tycts aBa
nepeksiodaresss P u Py, paboTaloT B cjegayioneM pexkume: ecau P 3aMKHYT, To P pa3o-
MKHYTBI 1 HA0O0poT. Toria mM COOTBETCTBYIOT BBICKA3bIBATE/IbHBIE EPpEMEHHbBIED H ].
Kazxmoit peneiitHO-KOHTAKTHO cXeMe MOKHO TIOCTaBUTH B COOTBETCTBUE HEKOTOPYIO (hop-
MyJIy aaredpbl BBICKA3bIBAHUI 1 HA0OOPOT. DTO MO3BOJISIET YIPOCTUTHL CXeMbl. Hampumep,
PaCCMOTPHM CJIEAYIONIYIO CXEMY

—{H

p q t

T
D—q q
Eii coorBercByer cieyiomas dopmyrna anrebpsl BoicKaspiBanuit: A = p - (pg VvV q) V

(pgt) V ((tqV pq) - (tV q)). D1y dopmyny moxHO npeobpasosark. Vmenno, A = (pgV pq) V
patVtpgN pqg =pV pg=pVpqV pq=pV q. ClregoBare/qbHO, HAIIA CX€Ma SKBUBAJICHTHA

cxXeMe
I}

YruparKHeHHe. YIPOoCTHTh CXeMy.

3. Jlormueckme paccyKaeHus.

Brenem, cHauaia, HEKOTOpbIE ONPeIe/IeHNsT, UCTIOTb3yeMble TTPU (POPMYTUPOBKE MaTe-
MaTHYeCKNX yTBep:KaeHuit. Ecim Hekoropas maremarmdeckass TeopeMa POPMYyIHPYETCs
B Buje uMIHKanun A — B, 10 A Ha3pIBaeTCH JTOCTATOYHBIM YCJIOBHEM IS UCTHHHO-
ctu B, a uctuHHOCTH B HA3BIBAIOT HEOOXOMMMBIM ycjoBueM st uctuaHocTu A. Ilycrn
HEKOTOPOE MaTeMaTHIeCKOe yTBEep:KIeHHe 3anucano B suje uMminmukanuun A — B. Torma
yTBepkaenns B — Au A — B Ha3BBaIOT COOTBETCTBEHHO OOPATHBIM ¥ TIPOTHBOIO-
JIO2KHBIM K HCXO/JHOMY. HGFKO OpoOBEPUTH CAEAYIOHIYIO 9KBUBAJIEHTHOCTHb, HAa3bIBAEMYIO

OpaBUJINM KOHTPAITO3UIINN

A— B=DB— A.

13 sToro npaBuiia cieayer, 4To Jjs J0Ka3aTeAbCTBA YTBEPK AeHUs, C(DOPMYIUPOBAHHOIO
B IMILJIUKATUBHOW hopMe, JOCTAaTOYHO JM0Ka3aTh MPOTUBOIMOJOKHOE O0PATHOMY YTBED-
xjennto. Hanpumep, yreepzxienne ” Ecjin B TpeyrosibHuKe PainyC OIMUCAHHON OKPY2KHO-

&2 )3

CTH PaBeH AWAMETPY BIHUCAHHONH, TO OH PABHOCTOPOHHUIX 3KBUBAJEHTHO YTBEDZKJICHUIO



"Ecan TpeyroJibHUK HEPAaBHOCTOPOHHMII, TO Pajuyc OIMUCAHHON OKPYKHOCTH HE paBeH
JIMAMETPY BIIUCAHHOM .
ToxnecTBeHHO NCTUHHAA (POPMYIa AJIreOPhl BHICKA3bIBAHUM

(A= B)-(A—B)— A

OIlpaBJblBa€T IIPpUMEHECHUE crocoba JOKa3aTeJbCTBa OT IIPOTHBHOI'O, 9aCTO HCIIOJbL3Y-
€MOI'0 B MaT€MaTHYCCKUX PaCCYXKIACHUAX. yTBep}K,ZLGHI/IH THUIIQ

” A HEODXOAUMO U AOCTATOYHO Aj1a B

MOZKHO BBIpas3uTh B Buje dhopmyisl (A — B)(B — A). Eciu cxema moka3areibeTBa
yTBepKAeHUsA A TpecTaBisercs B BHAE Mepebopa KOHETHOIO THCJIA CIYyYaeB, TO ITOT
crocob JT0Ka3aTeIbCTBa BhIpazkaeTcs: (pOpMy.I0i

[(Ay VA V... VA,) (A= A)- (A —A) ... (A, — A)]— A

Paccmorpum, magee, ciaeayromnime 3a1a49M.

1) Jekan mepej cecchmeil M37aJ PACIOPSYKEHHE O TOM, YTO Ha IK3AMEHAX JOJIZKHO
BBITIOJTHSITHCST IO MEHBIIEH Mepe OJHO U3 CJIEAYIONUX YCAOBHil:

a) CJIeLyeT He MOJb30BAThCS KOHCIEeKTAMU;

6) ec/iu CTYIEHT MOJIb3YeTCs KOHCIIEKTOM, TO €My [pe/jIaraeTcs JONOJTHUTeIbHAS 331~
Ya U OH IPeJOCTaBJIAeT YK3aMeHATOpy pedepar Mo JOMOTHATEIbHBIM Pa3aeaaM JTaHHOTO
KypCa;

B) b0 €My TpeJIaraeTcs JOTNOTHATeIbHAs 3a1a4a, JIH00 OH mpeaocTaBasieT pedepar
0 JIOTIOJTHATETLHBIM pPa3jiesiaM Kypca;

MO2KHO Ji YIPOCTUTH 3TU YCJIOBHS !

Beengem cienyiomue BbicKasbiBanusa: A = ”crTyaeHT mosb3yercs KOHCIeKToMm” , B =
7 CTYIeHTy TpejiaraeTcs Jonoanurebias 3anada” u C' = 7 cTyaeHT npeocTaBiser pe-
depat”. Torma pacrnopsizkeHne JeKaHa MOXKHO 3aIUCATh B Buje (DOPMYJIBI

AV(A— B-C)V(BVCO),

koTopas sksupagentia AV AV B-CVBVC=AVBVC=A— (BVC().

Nrax, BuitienpuBeieHHBIE 3 YCIOBUS MOYKHO 3aMEHUTH OJHUM YCJIOBHEM: €CJIU CTYIEHT
MOJTB3YETCsT KOHCIIEKTOM, TO OH JITOO PelraeT JOMOJHUTEIbHYI0 33139y, Ju00 MperocTa-
BJsieT pedepar.

2) Ha Bompoc, KTO W3 TpexX CTYJEHTOB W3y4as JIOTHKY, ObLT MOJYYeH MPaBIJIbHBIN
OTBET: €CJIU M3yYaJl IepBblii, TO u3ydasa u Tperuit. Ho HeBepHO, UTO €cu U3y4HI BTOPOIA,
TO W3yumwsa u Tperuii. KTo ke m3ydan joruxy?

Paccmorpum npocreiinine BbIiCKazbIBaHuA a; = - CTYJAEHT U3y4aJj JIOTUKY , § =
1,2,3. Torma a; — a3 = 1wu(ay — az) = 1. Crepoaresbio, 1 = 1-1 = (a3 —
az)(ay — az) = (a; V az)(as V ag) = (a1 V az)(ay - a3) = @ - ay - as. Urak, T016K0 BTOPOIt
CTYJEHT U3ydaJl JIOTHKY.

3) Ilpu cocTaBieHUH pacUUCaHUsl YPOKOB Ha OJWH JIEHb YUIUTENsT MATEMATHKH, UCTO-
PUU U JIMTEPATYPHI BBICKA3AIU CAEIYIONINE MTOXKETAHUs: MATEeMATUK IIPOCUI TOCTABUTH
[IepBbII WU BTOPOH yPOK, UCTOPUK - IEPBLII WA TPETUN; YIUTE/b JUTEPATY Pbl - BTOPOil
uau Tpetnit. Kakme BapumaHTBI COCTaB/JICHHS PACIUCAHUS €CTh Y 3aByda, €CJAU OH YUTeT
STH TOKeTaHus?

Brenem sstemenTapHble BHICKa3bIBaHUA X; = 7 peMeT X MOCTaBUTH i-M ypokom™ . To-
rj1a TpebOBaHUS MATEMATHKA, HCTOPUKA M JTUTEPATOPA MOZKHO BBIPA3UTh COOTBETCTBEHHO
B Bue dopmyab:: M,V Ms, H V Hs, Ly V L3. 3aBydy npeacTONT BHISICHUTH HCTUHHOCTH



caenyorero BeickasbiBanus 1 = (M;VMy)(HVH3)(LoV L) = (MyH3V MyHq)(LoVL3) =
MyH3LyV MyHy Ls. TakuMm 06pa3oM, B paclopsizKeHUH 3aByda €CTh JBa BapHaHTa COCTa-
BJICHUSI PDACIUCAHUS: ~MaTeMaTWKa, JUTePATypa, UCTOpU WJIH =~ UCTOPHUS, MAaTeMaTHKa,
Jureparypa’.

YupakHeHHs].

1. Pemutpb OyJieBbI yIpaKHEHUS
a) xVy=2z;06)axrVbr=1.
2. IIpoBepuTh PABHOCUIBLHOCTH CJAEAYIONUX PEIeiHO-KOHTAKTHBIX CXEM

AL LA
LI L L

<

X

g—1
L,

z

3. IocTpoiiTe pesiefino-KOHTAKTHYIO CXeMy C 3aJaHHO#l (DYHKIIHEH TPOBOIUMOCTH

(= (y—2)—=U—7).

4. Yupoctuts dbopmyrsl (T — y) — (§ — z), ((z — y) — ) — y.

5. BepHo 1 paBeHcTBO [17 V T3 V T3] = Py?

6. Jlokasarb, uto a) -y & [T, (x — y)(y — 2)];

6)r —yd&r-yzVyl;

B) -y &[xVy x—yl

7. Hokazare, uto a) x — y = z|(y|y);

6) |y =7V y;

B)z+y=(TVy)V(zVy).

8. Crynentst Banos, [lerpos, Cumopo 1 MupoHOB perrimim npoBecTn KaHUKYJIbI B
roponax: Mockga, Baprayn, Omck, Tomck. B kakoit ropoj moKeH moexaTh KayKIblil u3
HUX, eCJIU UMEeIOTC CJIeIYIoNIre OrpaHnIeHus:

a) eciim VBanos ue exer B MockBy, To Cugopos ne exer B Bapamy.r,

6) ecim Ilerpos ne ener uu B MockBy, Hu B B TomMck, To VBanoB ener B MOCKBY;

B) ecsim Cugopos we eger B Tomcek, To Tlerpos eger B OMck;

r) eciim Muponos He ener B Mocksy, To [lerpos ener B Mocksy;

n) ecan Muporos we ezer B Bapuayu, To Ilerpos eger 8 Mocksy.

VkazaHme. Beectn mpocTeifliine BEICKA3HIBAHMA:

X, ="X eger B Y.”



